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Preface 



It is common knowledge that common models with their limited boundaries 
of truth and falsehood are not sufficient to detect the reality so there is a 
need to discover other systems which are able to address the daily life 
problems. In every branch of science problems arise which abound with 
uncertainties and impaction. Some of these problems are related to human 
life, some others are subjective while others are objective and classical 
methods are not sufficient to solve such problems because they can not 
handle various ambiguities involved. To overcome this problem, Zadelr [67] 
introduced the concept of a fuzzy set which provides a useful mathematical 
tool for describing the behavior of systems that are either too complex or are 
ill-defined to admit precise mathematical analysis by classical methods. The 
literature in fuzzy set and neutrosoplric set theories is rapidly expanding 
and application of this concept can be seen in a variety of disciplines such as 
artificial intelligence, computer science, control engineering, expert systems, 
operating research, management science, and robotics. 

Zadeh introduced the degree of membership of an element with respect 
to a set in 1965, Atanassov introduced the degree of non-membership 
in 1986, and Smarandache introduced the degree of indeterminacy (i.e. 
neither membership, nor non-membership) as independent component in 
1995 and defined the neutrosophic set. In 2003 W. B. Vasantha Kan- 
dasamy and Florentin Smarandache introduced for the first time the I- 
neutrosophic algebraic structures (such as neutrosophic semigroup, neutro- 
sophic ring, neutrosophic vector space, etc.) based on neutrosophic num- 
bers of the form a + bl , where T is the literal indeterminacy such that 
1 2 = J, while a, b are real (or complex) numbers. In 2013 Smarandache 
introduced the refined neutrosophic set, and in 2015 the refined neutro- 
sophic algebraic structures built on sets on refined neutrosophic numbers 
of the form a + b\I\ + & 2 I 2 + . . . + b n I n , where Ji, J 2 , . . . , I n are types of 
sub-indeterminacies; in the same year he also introduced the (f, i, /)- 
neutrosophic structures. 

In 1971, Rosenfeld [53] first applied fuzzy sets to the study of algebraic 
structures, and he initiated a novel notion called fuzzy groups. This pio- 
neer work started a burst of studies on various fuzzy algebras. Kuroki [28] 
studied fuzzy bi-ideals in semigroups and he examined some fundamental 
properties of fuzzy semigroups in [28]. Mordesen [37] has demonstrated a 
theoretical exposition of fuzzy semigroups and their application in fuzzy 
coding, fuzzy finite state machines and fuzzy languages. It is worth noting 
that these fuzzy structures may give rise to more useful models in some 
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practical applications. The role of fuzzy theory in automata aud formal 
languages has extensively been discussed by Mordesen [37]. 

Pu and Liu [49] initiated the concept of fuzzy points and they also pro- 
posed some inspiring ideas such as belongingness to (denoted by e) and 
quasi- coincidence (denoted by q) of a fuzzy point with a fuzzy set. Murali 
[42] proposed the concept of belongingness of a fuzzy point to a fuzzy subset 
under a natural equivalence on fuzzy subsets. These ideas played a vital role 
to generate various types of fuzzy subsets and fuzzy algebraic structures. 
Bhakat and Das [1, 2] applied these notions to introducing (a, ft)- fuzzy 
subgroups, where a, (3 € {€, q, G Vq, € Ag} and a q. Among (a, /?)- 
fuzzy subgroups, it should be noted that the concept of (e, €Vg)-fuzzy 
subgroups is of vital importance since it is the most viable generalization 
of the conventional fuzzy subgroups in Rosenfeld’s sense. Then it is natural 
to investigate similar types of generalizations of the existing fuzzy sub- 
systems of other algebraic structures. In fact, many authors have studied 
(G,G Vg)-fuzzy algebraic structures in different contexts [19, 22, 55]. Re- 
cently, Slrabir et al. [55] introduced (€,€ Vgfc)-fuzzy ideals (quasi-ideals 
and bi-ideals) of semigroups aud gave various characterizations of particu- 
lar classes of semigroups in terms of these fuzzy ideals. M. Khan introduced 
the concept of (G 7 ,G 7 Vg, 5 )-fuzzy ideals and (G 7 ,G 7 V^)-fuzzy soft ideals 
in AG-groupoids 

An AG-groupoid is an algebraic structure that lies in between a groupoid 
and a commutative semigroup. It has many characteristics similar to that 
of a commutative semigroup. If we consider x 2 y 2 = y 2 x , which holds for all 
x, y in a commutative semigroup, on the other hand one can easily see that 
it holds in an AG-groupoid with left identity e and in AG**-groupoids. In 
addition to this xy = ( yx)e holds for any subset {x, y} of an AG-groupoid. 
This simply gives that how an AG-groupoid has closed connections with 
commutative algebras. 

We extend now for the first time the AG-Groupoid to the Neutrosophic 
AG-Groupoid. A neutrosophic AG-groupoid is a neutrosophic algebraic 
structure that lies between a neutrosophic groupoid and a neutrosophic 
commutative semigroup. 

Let M be an AG-groupoid under the law One has ( ab)c = ( cb)a for 
all a, b, c in M. Then MUI = {a + bl , where a, b are in M , and I is literal 
indeterminacy such that I 2 = 7} is called a neutrosophic AG-groupoid. A 
neutrosophic AG-groupoid in general is not an AG-groupoid. 

If on MUI one defines the operation as: (■ a + bl ) * (c + dl) = ac+bdl, 
then the neutrosophic AG-groupoid (MUI, *) is also an AG-groupoid since: 



[(ai + bil) * (a 2 + b 2 I)] * ( a 3 + ^3-0 



[ai<Z2 + b\b 2 I\ * ( a 3 + b 3 I) 
(aia 2 )a 3 + (bib 2 )b 3 I 
(a 3 a 2 )ai + (b 3 b 2 )b\I. 
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Also 

[(®3 A ^3-0 * ( a 2 + &2-0] * ( a l + bi I) = [< 13(12 + &3^2-f] * ( a l + b±I) 

= (a 3 a 2 )ai + ( 6362)^1-? • 

In chapter one we discuss congruences in an AG-groupoid. In this chapter 
we discuss idempotent separating congruence p, defined as: a/ib if and only 
if ( a~ 1 e)a = (6 _1 e)6, in an inverse AG**-groupoid S. We characterize p in 
two ways and show (a) that S//i ~ E, ( E is the set of all idempotents of S ) 
if and only if E is contained in the centre of S, also it is shown; (b) that p is 
identical congruence on S if and only if E is self-centralizing. We show that 
the relations r m ; n and T max show are smallest and largest congruences on 
S. Moreover we show that the relation p defined as: apb if only if a _1 (ea) = 
b~ 1 (eb), is a maximum idempotent separating congruence. 

In chapter two we discuss gamma ideals in T-AG**-groupoid. Moreover 
we show that a locally associative r-AG**-groupoid S has associative pow- 
ers and S/p r , where ap r b implies that aT6p = b^ +1 , bTa p = dp +1 V a,b € S, 
is a maximal separative homomorphic image of S. The relation ?y r is the 
least left zero semilattice congruence on S, where ?y r is define on S as ap T b 
if and only if there exists some positive integers m, n such that 6™ € aTS 
and ajl € bTS. 

In chapter three we discuss embedding and direct products in AG-groupoids. 

In chapter four we introduce the concept of left, right, bi, quasi, prime 
(quasi-prime) semiprime (quasi-semiprime) ideals in AG-groupoids. We in- 
troduce m system in AG-groupoids. We characterize quasi-prime and quasi- 
semiprime ideals and find their links with m systems. We characterize 
ideals in intra-regular AG-groupoids. Then we characterize intra-regular 
AG-groupoids using the properties of these ideals. 

In chapter five we introduce a new class of AG-groupoids namely strongly 
regular and characterize it using its ideals. 

In chapter six we introduce the fuzzy ideals in AG-groupoids and discuss 
their related properties. 

In chapter seven we characterize intra-regular AG-groupoids by the prop- 
erties of the lower part of (<E, € Vq)- fuzzy bi-ideals. Moreover we character- 
ize AG-groupoids using (€, € Vqk)- fuzzy. 

In chapter eight we discuss interval valued fuzzy ideals of AG-groupoids. 

In chapter nine we characterize a Abel-Grassmann’s groupoid in terms 
of its (<= 7 , G 7 Vga)-fuzzy ideals. 

In chapter ten we characterize intra-regular AG-groupoids in terms of 
(G 7 ,G 7 Vg^)-fuzzy soft ideals. 
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1 

Congruences on Inverse 
AG-groupoids 

In this chapter we discuss idempotent separating congruence p defined as: 
apb if and only if ( a~ 1 e)a = (b~ 1 e)b 1 in an inverse AG**-groupoid S. We 
characterize p in two ways and show (a) that S/p ~ E, ( E is the set of 
all idempotents of S) if and only if E is contained in the centre of S, also 
it is shown; (b) that p is identical congruence on S if and only if E is 
self-centralizing. We show that the relations T m ; n and r max are smallest 
and largest congruences on S. Also we show that the relation p defined 
as: apb if only if a _1 (ea) = b^ 1 (eb), is a maximum idempotent separating 
congruence. 



1.1 AG-groupoids 

The idea of generalization of a commutative semigroup was first introduced 
by Kazim and Naseeruddin in 1972 (see [24]). They named it as a left almost 
semigroup (LA-semigroup). It is also called an Abel-Grassmann’s groupoid 
(AG-groupoid) [47]. 

An AG-groupoid is a non-associative and non-commutative algebraic 
structure mid way between a groupoid and a commutative semigroup. 
This structure is closely related with a commutative semigroup, because 
if an AG-groupoid contains a right identity, then it becomes a commuta- 
tive semigroup [43]. The connection of a commutative inverse semigroup 
with an AG-groupoid has been given in [39] as: a commutative inverse semi- 
group (S, o) becomes an AG-groupoid ( S , •) under a ■ b = b o a -1 , for all 
a,b £ S. An AG-groupoid (S, .) with left identity becomes a semigroup (S, 
o) defined as: for all x, y £ S, there exists a £ S such that x o y = ( xa)y 

[47]. 

An AG-groupoid is a groupoid S whose elements satisfy the left invertive 
law ( ab)c = ( cb)a , for all a,b,c £ S. In an AG-groupoid, the medial law [24] 
(ab)(cd) = ( ac){bd ) holds for all a, b,c,d£ S. An AG-groupoid may or may 
not contains a left identity. If an AG-groupoid contains a left identity, then 
it is unique [43] . In an AG-groupoid S with left identity, the paramedial law 
{ab){cd) = ( db)(ca ) holds for all a,b,c,d £ S. If an AG-groupoid contains 
a left identity, then it satisfies the following law 



a(bc) = b(ac), for all a,b,c £ S. 



(1) 
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Note that a commutative AG-groupoid S with left identity becomes a 
commutative semigroup because if a, b and c £ S. Then using left invertive 
law and commutative law, we get 

(i ab)c = ( cb)a = a(cb) = a(bc). 

In [15] J. M. Howie defined a relation n as (a, b) £ (i if and only if 
a~ 1 ea = b~ 1 eb on an inverse semigroup and show it maximum idempotent 
separating congruence and characterize it in two ways. Also it is shown 
that S/fi ~ E if and only if E is central in S and that fi = Is, the identical 
congruence on S, if and only if E is self centralizing in S. Moreover, J. M. 
Howie in [14] defined a relations r m i n and r max as aT m - ln b if and only if 
aa~ 1 rbb ~ 1 and 3 e £ E such that eraa -1 ea = eb and ar max 6 if and only 
if a~ 1 earb~ 1 eb for all e € E and shown these as the smallest and largest 
congruences on an inverse semigroup with trace r. In this chapter, we 
defined these congruences for inverse AG**-groupoid and also characterize 
it. An AG-groupoid S is called an inverse AG-groupoid if for every a £ S 
there exists a' £ S such that (aa')a = a, {a' a) a' = a' where a' is an inverse 
for a. We will write a -1 instead of a' . If S' is an inverse AG-groupoid, then 
(a&) -1 = a~ 1 b ~ 1 and (a” 1 ) -1 = a for all a,b £ S. 

Example 1 Let S = {1, 2, 3} and the binary operation “■ ’’ defined on S as 
follows: 





12 3 


1 


2 2 3 


2 


2 2 2 


CO 


2 2 2 



Clearly S is non-associative and non-connnutative because 2=(l-l)-3y^ 

1 • (1 • 3) = 3 and 1 • 3 ^ 3 • 1. (S, •) is an AG**-groupoid without left identity. 

Lemma 2 Let S be an inverse AG** -groupoid and S defined by a 6 b, if 
and only if aa -1 = is a congruence relation. 

Proof. Clearly i5 is reflexive, symmetric and transitive, so 5 is an equiva- 
lence relation. Let a S b which implies that aa _1 = 66” 1 , then we get. 

(ac)(ac) _1 = (ac)(a^ 1 c^ 1 ) = (aa _1 )(cc^ 1 ) = (66^ 1 )(cc _1 ) 

= ( bc)(b~ 1 c~ 1 ) = (6c)(6c) _1 . 

Similarly we can show that (ca)(ca)^ 1 = (c6)(c&) -1 . ■ 

Lemma 3 Let S be an inverse AG** -groupoid, then the relation p = {(a, b) € 
S x S : a -1 a = b~ x b} is a congruence on S. 



Proof. It is available in [47]. ■ 
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Lemma 4 The congruence relation S is equivalent to p,. 

Proof. Let apb, this implies that a~ 1 a = b^b. Then we have 

aa -1 = ({aa~ 1 )a)a~ 1 = (a _1 a)(aa _1 ) = (b~ 1 b)(aa~ 1 ) 

= (a~ 1 a)(bb~ 1 ) = (fe _1 6)(66 _1 ) 

= {{bb~ l )b)b~ l = bb~ l . 

Thus abb. 

Conversely, If aSb, then aa _1 = bb~ l . Then 

a~ 1 a = a _1 ((aa _1 )a) = (aa _1 )(a _1 a) = {bb~ 1 ){a~ 1 a) 

= (aa _1 )(6^ 1 6) = (Wr 1 )^" 1 ^ 

= {{b- 1 b)b- 1 )b = b~ 1 b. 

Hence apb. m 

Corollary 5 If p is congruence on an inverse AG** -groupoid, then (a, b) £ 

H, if and only if (a -1 , 6” 1 ) £ /i. 

Proof. It is same as in [15]. ■ 

Example 6 Let S = {1,2, 3, 4} and the binary operation defined on S 

as follows: 





12 3 4 


1 


4 12 3 


2 


3 4 12 


CO 


2 3 4 1 


4 


12 3 4 



Clearly ( S , •) is non-associative, non- commutative and it is an AG** -groupoid 
with left, identity 4. Every element is an inverse of itself and so a~ 1 a = 
aa -1 , for all a in S. 

The following lemma is available in [47]. 

Lemma 7 The set E of all idempotents in an AG** -groupoid forms a semi- 
lattice structure. 



1.2 Inverse AG**-groupoids 

In the rest, by S we shall mean an inverse AG**-groupoid in which aa~ l = 
a~ 1 a, holds for every a £ S. 

Let p be a congruence on S. The restriction of p to E, is congruence on 
E, which we call trace of p and is denoted by r = trp. The set kerp = {a £ 
S/(3e £ E)apej is the kernel of p. 
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Theorem 8 Let E be the set of all idempotents of S and let r be a congriL- 
ence on E, then the relation r m i„= {(a, b) £ S x S : aa~ 1 rbb~ 1 and there 
exist e £ E,e t aa and ea = eb} is the smallest congruence on S with 
trace r. 

Proof. Clearly r is reflexive. Now let or m i n 6, this implies that aa~ 1 rbb~ 1 
and there exist e £ E such that eraa -1 and ea = eb. As e r aa -1 and 
aa~ 1 rbb~ 1 which implies that erbb also eb = ea which implies that 
6r m i n a, which shows that r m i n is symmetric. Again let aT m - m b and frr m ; n c 
which implies that aa~ 1 rbb~ 1 rcc^ 1 this implies that aa~ 1 r cc -1 . Also 
eraa -1 and frbb _1 for e, / £ E. Since r is compatible so, efr(aa^ 1 )(aa^ 1 ) = 
aa _1 which implies that e/raa -1 . Now ea = eb implies that/(ea) = f(eb) 
so we have 

/(ea) = (//)(ea) = (ae)(//) = ( ae)f = (/e)a, and 
f{eb) = ( ff){eb ) = ( be)(ff ) = (6e)/ = ( fe)b 

Also fb = fc implies that e(fb) = e(/c). Now 

e(fb) = (ee)(/6) = (&/)(ee) = ( bf)e = ( ef)b = ( fe)b 

e(/c) = (ee)(/c) = (c/)(ee) = (c/)e = (e/)c = (/e)c 

Hence (/e)a = (/e)c which shows that r m ; n is transitive. 

Now let ar m i n b, then 

(ca)(ca) _1 = (ca)(c _1 a _1 ) = (cc _1 )(aa _1 )T(cc _1 )(&& _1 ) 

= (c&)(c _1 6“ 1 ) = (c6)(c6) _1 , and 

(cc _1 )eT(cc _1 )(aa _1 ) = (ca)(c _1 a _1 ) 

= (ca)(ca) _1 , where (cc _1 )e G E, and 



((cc 1 )e)(ca) = ((cc 1 )c)(ea) 

= ((cc _1 )c)(e6) = ((cc _1 )e)(c6). 

Therefore car m i n ca. 

Again let aT nl - m b then by definition aa~ 1 rbb~ 1 , eraa^ 1 and ea = eb 
Now 

(ac)(ac) _1 = (ac)(a -1 c -1 ) 

= (aa _1 )(cc _1 )T(W> _1 )(cc _1 ) = (&c)(&c) _1 and 

e(cc _1 )r(aa^ 1 )(cc _1 ) = (ac)(a _1 c _1 ) 

= (ac)(ac) _1 , where e(cc _1 ) G A 1 

Also 

(e(cc _1 ))(ac) = (ea)((cc _1 )c) = (e6)((cc _1 )c) = (e(cc _1 ))(6c). 
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Thus acT nunbc. Therefore r m ; n is a congruence relation. 

The remaining proof is same as in [14] . ■ 

Theorem 9 Let E be the set of all idempotents of S and let r be a con- 
gruence on E, then the relation r max = {(a, b) £ S x S : (Ve € E) 
a~ 1 (ea)rb~ 1 (eb)} is the largest congruence on S with trace r. 

Proof. Clearly r max is an equivalence relation as r is an equivalence rela- 
tion on E. 

Let us suppose that ar max 6, then a -1 (ea) rb ( eb ) so 

(ac) _1 (e(ac)) = (a _1 c _1 ) ((ee)(ac)) = (a _1 c _1 )((ea)(ec)) 

= (a _1 (ea))(c^ 1 (ea))r(6^ 1 (e6))(c^ 1 (ec)) 

= (&” 1 c _1 )((e6)(ec)) = (bc)~ 1 {e(bc)). 

Thus acr max bc. Similarly car max cb. Therefore r max is congruence on S. 
Remaining proof is same as in [14]. ■ 

The relation l s = {{x,x) : x e S} is a congruence relation which we 
call the identical congruence. A congruence whose trace is the identical 
congruence 1 is called idempotent separating. 

Theorem 10 Let E be the set of all idempotents of S and let the relation 
p defined as apb if and only if ( a~ 1 e)a = (b~ 1 e)b, for any e in E, is an 
idempotent separating congruence on S. 

Proof. It is easy to prove that p is an equivalence relation. Now let apb, 
then ( a~ 1 e)a = ( b~ 1 e)b , for every idempotent e in E , now we get 

((ac) _1 e)(ac) = ((a _1 c _1 )(ee))(ac) = ((a -1 e)(c -1 e))(ac) 

= ((a _1 e)a)((c _1 e)c) = (( b~ 1 e)b)(c~ 1 e)c 

= ((^ 1 e)(c _1 e))(&c) = ((6c) _1 e)(6c). 

Thus acpbc. Similarly capcb. Hence p is a congruence relation on S. 
Now let epf for e, / in E. Then for every g in E, (e~ 1 g)e = {f~ 1 g)f 
so by (1), we have eg = fg. The equality holds in particular when g = e. 
Hence e = fg. Similarly for g = f, we obtain ef = f. Since ef = fe, so 
e = f. Thus p is idempotent separating. ■ 

If E is the semilattice of an inverse semigroup S, we define Ef, the 
centralizer of E in S, by 

Ef = {z £ S : ez — ze for every e in E}. 

Clearly E C Ef If Ef = S, then the idempotents are central. If Ef = E, 
we shall say that E is self-centralizing. 

Theorem 11 Let E be the set of all idempotents of S and let p be the 
idempotent separating congruence on S. Then Kerp = Ef where Ef be the 
centralizer of E in S. 
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Proof. Let S be an inverse AG**-groupoid and let /i be the idempotent 
separating congruence on S. Let a £ Kern, so o/x/ for some / € E. also 
a~ 1 nf ~ 1 = /, so a~ l a/if, implies that apaa ^ 1 . So for all e in E (a~ 1 e)a = 
((a _1 a) _1 e)(a _1 a), then we get 



((a 1 a) 1 e)(a 1 a) = ((aa 1 )e)(a 1 a) 

= (e(a _1 a))(a _1 a) = (a _1 a)e, that is 

(a~ 1 e)a = (a _1 a)e. (5) 

Also we have, 



ea = e((aa~ 1 )a) = (aa~ 1 )(ea) = ((ea)a _1 )a 

= ((a^ 1 a)e)a = ((a _1 e)a)a = (aa)(a _1 e) 

= (ea -1 )(aa) = ((aa)a _1 )e = ((aa _1 )a)e = ae. 

Thus a £ Ef. 

Conversely, assume that a £ E(. Then for all e in E, ae = ea, so 

( a~ 1 e)a = ( ae)a ~ 1 = ( ea)a~ 1 = (ea)((a _1 a)a^ 1 ) 

= (a _1 a)((ea)a _1 ) = (a _1 a)((a^ 1 a)e) 

= (e(a _1 a))(aa _1 ) = ((aa _1 ) _1 e)(aa _1 ). 

Thus apaa^ 1 and so a £ Kern • Hence Ef = Kern ■ ■ 

Theorem 12 Let E be the set of all idempotents of S and let n be the 
idempotent separating congruence on S. Then (a, b ) € n if an d on iy if 
a -1 a = b~ 1 b, and ab _1 € Ef. Dually ( a,b ) £ n if and only if aa -1 = bb -1 
and a~ 1 b £ EC,. 

Proof. Let (a, b) £ n, then (a _1 e)a = ( b~ 1 e)b which implies that ( ae)a~ 1 = 
(6e)& _1 for all e in E. 

Now ((a _1 e)a)((ae)a _1 ) = (( b~ 1 e)b)({be)b~ 1 ) which implies that 

{{a~ 1 a)e){aa~ 1 ) = ((b~ 1 b)e)(bb~ 1 ). (6) 

Therefore we get 

a _1 a = ((a _1 a)a _ )((aa _1 )a) = ((a~ 1 a)(aa~ ))(a~ 1 a) 

= ((a _1 a)(aa _1 ))(aa _1 ) = ((& _1 &)(aa _1 ))(&6 _1 ) 

= ((aa _1 )(6 _1 &))(W> _1 ) = ((bb~ 1 )(b~ 1 b))(aa~ 1 ) 

= ((b~ 1 b)(b~ 1 b))(aa~ 1 ) = (b~ 1 b)(aa~ 1 ) = (a~ 1 a)(b~ 1 b). 

Similarly we can show that b~ x b = (a~ 1 a)(b~ 1 b). Therefore a~ 1 a = b~ 1 b. 
Now let (a, b) £ p, then (a _1 e)a = (b~ 1 e)b which implies that ( ae)a ~ 1 = 
(6e)& _1 , which implies that ( a({ae)a~ 1 ))b~ 1 = (a((&e)6 _1 ))6 _1 . 
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Now we obtain 

(< a((ae)a~ 1 ))b ~ 1 = ((ae)(aa~ 1 ))b~ 1 = (b~ 1 (aa~ 1 ))(ae) 

= (a(fe _1 a _1 ))(ae) = (ea)((& _1 a _1 )a) 

= (ea)((aa^ 1 )6” 1 ) = (e(aa~ 1 ))(ab~ 1 ), and 

(< a((be)b~ 1 ))b ~ 1 = (( be){ab~ l ))b ' _1 = (6 _1 (a6 _1 ))(6e) 

= (6“ 1 6)((a6” 1 )e) = (aa _1 )((a& _1 )e) 

= (a6” 1 )((aa _1 )e) = (a& -1 )(e(aa -1 )). 

Hence afr” 1 G -E£. 

Conversely, let a _1 a = b~ 1 b and ab~ x G EC,, then e(ab~ 1 ) = ( ab~ l )e for 
all e £ E, which implies that (a _1 (e(a6“ 1 )))6 = ( a~ 1 ((ab~ 1 )e))b . Now we 
get 

(a -1 (e(ab~ 1 )))b = (6(e(a6” 1 )))a _1 = (e(&(a6 _1 )))a _1 

= (e(a(&6“ 1 )))a _1 = ((ee)(a(aa _1 )))a _1 

= (((aa _1 )a)(ee))a _1 = (ae)a _1 = (a _1 e)a, 

Now 

(a~ 1 ((ab~ 1 )e))b = (a _1 ((a6 _1 )(ee)))6 = (a~ 1 ((ae)(b~ 1 e)))b 

= ((ae)(a _1 (6 _1 e)))6 = (((6“ 1 e)a _1 )(ea))6 

= (((6“ 1 e)e)(a _1 a))6 = ((eb~ 1 )(a~ 1 a))b 

= ((e6- 1 )(6- 1 6))6 = (6(6- 1 6))(e6- 1 ) 

= (6- 1 e)((6- 1 6)6) = (6- 1 e)((66- 1 )6) 

= (i b~ x e)b . 

Therefore (a _1 e)a = (b~ 1 e)b. Hence 

Let afib then by definition (a _1 e) a = (& _1 e) 6. Now as a~ 1 a = b~ x b so 
act -1 = bb~ l . 

Now as (a _1 e) a = ( b~ 1 e ) b which implies that (a -1 ((a _1 e) a))b = 
( a~ 1 ((b~ 1 e ) b))b. 

So we get 

(a -1 ((a _1 e) a))b = ((a _1 e) (a _1 a)) b = ((a^ 1 e) (b^ 1 ^) b 

= (6(&^ 1 6)) (a _1 e) = (ea -1 ) ((W> _1 ) b) 

= (ea -1 ) b = ( 6a -1 ) e = ( 6a (ee) 

= (ee) (aT 1 !?) = e (a -1 b) , and 

Now we get 

(a~ 1 ((b~ 1 e) 6))6 = (&((& _1 e) 6))a _1 = ((6 _1 e) (66))a _1 

= ((b~ 1 b) (e6))a _1 = (e ((6& _1 ) 6))a _1 

= (e6)a _1 = (a _1 6)e. 
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Hence a x b G EC,. ■ 

Theorem 13 Let E be the set of all idempotents of S and let p be the 
idempotent separating congruence on S. Then S/p. ~ E if and only if E is 
central in S. 

Proof. Since p is idempotent separating congruence so S/p is a semilattice 
if each -class contains atrnost one idempotent. Thus if S/p is senhlattice 
then S/p = E. Let us suppose that each p class contains an idempotent 
that is for every x G S, there exist an f £ E such that / px which implies 
that ff" 1 = xx -1 and f _1 x G EC,, thus 

x = (xx~ x )x = (ff~ 1 )x = f~~ 1 x G EC, 

but this holds for any x in S, so E( = S. 

Conversely, suppose that Ef = S, then xf" 1 G S = E( and 

xx = (xx~ 1 )(xx~ 1 ) = ( xx~ 1 ){xx ~ 1 ) _1 = ff~\ 

Then by theorem 5, xpf , that is, xpxx , which shows that every p class 
contains an idempotent. ■ 

Theorem 14 Let E be the set of all idempotents of S and let p be the 
idempotent separating congruence on S. Then p = I 5 , the identical con- 
gruence on S, if and only if E is self centralizing in S. 

Proof. Let p = I 5 , Then for 2 G Ef implies that ze = ez, for all e G E if 
we write / for zz ~ 1 then zz" 1 = f = ff = ff “ 1 also we get 

(zf- 1 ) e = (e/ -1 ) z = (e/) z = z(ef) = z (e/" 1 ) = e (z/” 1 ) . 

Therefore z / _1 G Ef- Then by theorem 5, zpzz" 1 , but p = lg, so z = 
zz -1 G E. Thus EC = E. 

Conversely, assume that EC = E. Let xpy then x~ x x = y~ x y and 
xy" 1 G EC = E, since xy~ l is idempotent so ( xy _1 ) _1 = xy" 1 , implies 
that x" x y = ary , also (a: - 1 , 1 ) G p so 

xx" 1 = ((xx~ 1 )x)x~ 1 = (( yy" 1 )x)x " 1 

= ( {xy" 1 )y)x ~ 1 = ((x" 1 y)y)x" 1 

= (x~ 1 y)(x~ 1 y) = x" 1 y. 

Also we get 

x = (xx~ 1 )x = {yy" 1 )x = (xy" 1 )y 

= {x" 1 y)y = (xx" x )y = {yy-^y = y. 



Hence p = Is- ■ 
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Theorem 15 Let E be the set of all idempotents of S then the relation 
defined by apb if only if a~ 1 (ea) = b~ 1 (eb) is a maximum idempotent sep- 
arating congruence on S. 

Proof. Clearly p is an equivalence relation. Let apb , which implies that 
a~ 1 (ea) = b~ 1 (eb). Now 

(ac) _1 (e(ac)) = (a _1 c _1 )(e(ac)) = (a _1 c _1 )((ee)(ac)) 

= (a _1 c _1 )((ea)(ec)) = (a _1 (ea))(c _1 (ec)) 

= (& _1 (e6))(c _1 (ec)) = 0 _1 c _1 )((e&)(ec)) 

= (&c) _1 (e(6c)). 

Therefore acpbc. Similarly capcb. Hence p is a congruence relation. Now 
suppose that epf , where e, f £ E, then for every idempotent g we have 
e^ 1 (ge) = / _1 (<//), which implies that ge = gf. In particular when g = e, 
then ee = e/, implies that e = ef and for g = /, fe = ff implies that 
fe = /, but since ef = fe implies that e = /. Thus p is idempotent 
separating congruence. Now let 77 be any other idempotent separating con- 
gruence. We shall show that 77 C p. Let ( x,y ) € 77 then (x _1 ,j/ _1 ) € 77, 
since 77 is congruence, it follows that xpy which implies that exyey, also 
x~ 1 {ex)py^ 1 {ey) 1 but both x^ 1 (ex) and y~ 1 {ey) are idempotents, and so 
it follows that x~ 1 (ex) = y~ 1 (ey). Thus xpy. Hence p is maximum. ■ 

Theorem 16 Let E be the set of all idempotents of S then the relation 
defined on S with a = {(a, b) £ SxS (Ve £ E) : ((a^ 1 ) 2 e)a 2 = ((6 _1 ) 2 e)6 2 } 
is a congruence relation on S. 

Proof. It is clear that er is an equivalence relation. Now suppose that aab 
and c is an arbitrary element of S, then 

(((ac) -1 ) 2 e) (ac) 2 = ((a^ 1 c^ 1 ) 2 e) (ac) 2 

= (((«- 1 ) 2 (c- 1 ) 2 )e)(aV) 

= (((a- 1 ) 2 e)(c” 1 ) 2 )(a 2 c 2 ) 

= (((a- 1 ) 2 e)a 2 )((c- 1 ) 2 c 2 ) 

= ((r 1 ) 2 e)6 2 )(( C " 1 ) 2 c 2 ) 

= (((&" 1 ) 2 e)(c- 1 ) 2 )(6 2 c 2 ) 

= ((& _1 ) 2 (c _1 ) 2 e)(6 2 c 2 ) 

= ((b~ 1 c~ 1 ) 2 e) (be) 2 

= (((6c)- 1 ) 2 e)(6c) 2 . 

Thus ( ac,bc ) £ a. Similarly ( ca,cb ) € a. Hence a is congruence relation. 



Lemma 17 Let E be the set of all idempotents of S then the centralizer 
Ef of E in S, is an inverse subgroupoid of S. 
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Proof. Let a, b G EC,, then ae = ea and be = eb, for all e € E, so 

( ab ) e = ( ab ) (ee) = (ae) (be) = (ea) (eb) = (ee) (ab) = e (ab) . 
Therefore EC, is a subgroupoid of S. 

Now let a G EC, then ae = ea implies that (ae) 1 = (ea) 1 or a~ x e = 
ea -1 , so a -1 G E( Hence E( is an inverse subgroupoid. ■ 

Theorem 18 Let S be an inverse AG** -groupoid with semilattice E and 
let p be the maximum idempotent separating congruence on S then S/p is 
fundamental. 

Proof. Every idempotent in S/p has the form ep. Let us suppose that 
(ap, bp) G p s/p then for every e in E (ap) _1 ((ep) (ap)) = (bp)~ l ((ep) (bp)) 
which implies that (a -1 (ea)) p = (&” 1 (eb)) p, consequentlya -1 (ea) pb~ x (eb) 
but p is idempotent separating so a -1 (ea) = 6” 1 (eb) that is apb implies 
that ap = bp so p S / p is identical. Thus S/p is fundamental. ■ 
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2 

Structural Properties of 
r-AG**-groupoids 

In this chapter we discuss gamma ideals in T-AG**-groupoids. We show 
that a locally associative T-AG**-groupoid S has associative powers and 
S/p r , where ap r b implies that aT&p = b ^ +1 , &Tap = ap +1 V a, b £ S, is a 
maximal separative homomorphic image of S. The relation ?; r is the least 
left zero semilattice congruence on S, where ?y r is define on S as aij r b if 
and only if there exists some positive integers m, n such that 6 ™ £ aTS 
and ap € bTS. 



2.1 Gamma Ideals in T-AG-groupoids 

Let S and T be any non-empty sets. If there exists a mapping S x F x S — > S 
written as (x, a, y) by xay , then S is called a T-AG-groupoid if xay € S 
such that the following T-left invertive law holds for all x,y,z £ S and 
a,(3 GY 

(. xay)(5z = ( zay)/3x . (1) 

A T-AG-groupoid also satisfies the T-medial law for all w, x,y, z £ S and 

a ,/?, 7 e T 

(■ wax)f3(y n /z ) = ( way)/3(x r yz ). (2) 

Note that if a T-AG-groupoid contains a left identity, then it becomes 
an AG-groupoid with left identity. 

A T-AG-groupoid is called a T-AG**-groupoid if it satisfies the following 
law for all x,y,z £ S and a, /3 £ T 

xa(y/3z) = ya(x/3z). (3) 

A T-AG**-groupoid also satisfies the T-paramedial law for all w, x,y,z £ 
S and a, (3, 7 £ T 

(wax)(3(y'yz) = ( zay)f3(x'yw ). (4) 

Definition 19 Let S be a T-AG-groupoid, a non-empty subset A of S is 
called T -AG-subgroupoid if a'yb £ A for all a, b £ A and 7 £ T or A is 
called T -AG-subgroupoid if AT A C A. 

Definition 20 A subset A of a T-AG-groupoid S is called T-left (right) 
ideal of S if ST A C A (ATS 1 C A) and A is called T -two-sided ideal of S if 
it is both T-left and T-right ideal. 




Theory of Abel Grassman's Groupoids 



22 



Definition 21 A F-AG-subgroupoid A of a F-AG-gi'oupoid S is called a 
F -bi-ideal of S if (ATS 1 ) FA C A. 

Definition 22 A F-AG-subgroupoid A of a r -AG-groupoid S is called a 
F-interior ideal of S if (/ST A) rS C A. 

Definition 23 A F -AG-groupoid A of a F -AG-groupoid S is called a F- 
quasi-ideal of S if SF An AFS C A. 

Definition 24 A F-AG-subgroupoid A of a r -AG-groupoid S is called a 
r-(l,2 ) -ideal of S if {AFS)F{AFA) C A. 

Definition 25 A F -two-sided ideal P of a F -AG-groupoid S is called F- 
prime (F -semiprime) if for any F -two-sided ideals A and B of S, ATB C 
P (AT A C P) implies either AC P or B C P [A C P) . 



Definition 26 An element a of an F-AG-groupoid S is called an intra- 
regular if there exist x,y £ S and /3, 7 ,6 € F such that a = (xp(aSa)) r yy 
and S is called an intra-regular F-AG-groupoid S, if every element of S is 
an intra-regular. 



Example 27 Let S = {1, 2, 3, 4, 5, 6 , 7, 8 , 9}. The following multiplication 
table shows that S is an AG-groupoid and also an AG-band. 



1 

2 

3 

4 

5 

6 

7 



1 

I 

9 

6 

5 

3 

7 

8 



8 2 

9 4 



(2 

4 
2 
8 
9 
6 
1 
3 

5 
7 



3^ 

7 

5 

3 
2 

8 

4 

6 
9 
1 



4 5 6 7 8 9 

3 6 8 2 9 5 

7 1 4 8 6 3 

5 9 2 4 1 7 

4 7 1 6 3 8 

2 5 9 1 7 4 

8 3 6 9 5 2 

9 2 5 7 4 1 

1 4 7 3 8 6 

6 8 3 5 2 9 



ft is easy to observe that S' is a simple AG-groupoid that is there is no 
left or right ideal of S. Now let F = {a, (3, 7 } defined as follows. 



a 

T 

2 

3 

4 

5 

6 

7 

8 

9 



1 

2 

2 

2 

2 

2 

2 

2 

2 

2 



2 3 4 5 6 7 8 



2 

2 

2 

2 

2 

2 

2 

2 

2 



2 

2 

2 

2 

2 

2 

2 

2 

2 



2 

2 

2 

2 

2 

2 

2 

2 

2 



2 

2 

2 

2 

2 

2 

2 

2 

2 



2 

2 

2 

2 

2 

2 

2 

2 

2 



2 

2 

2 

2 

2 

2 

2 

2 

2 



2 

2 

2 

2 

2 

2 

2 

2 

2 



2 

2 

2 

2 

2 

2 

2 

2 

2 



/? 



2 3 4 5 




6_ 

8 

8 

8 

8 

8 

8 

8 



7_ 

8 

8 

8 

8 

8 

8 

8 



9 

¥ 

8 

8 

8 

8 

8 

8 
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1 

1 

2 

3 

4 

5 

6 
7 



1 

¥ 

8 

8 

8 

8 

8 

8 



2 

¥ 

8 

8 

8 

8 

8 

8 



3 4 5 6 




7_ 

8 

8 

8 

8 

8 

8 

8 



9_ 

¥ 

8 

8 

8 

8 

8 

8 



9 



9 9 



It is easy to prove that S' is a T-AG-groupoid because ( curb ) ipc = ( crrb ) ip a for 
all a, b, c £ S and tv, ip £ T. Clearly S is non-commutative and non- 
associative because 8y9 ^ 9y8 and (la2) f3 3 ^ la (2/33). 



Example 28 Let S = {1,2,3,}. The following Cayley’s table shows that 
S is an AG-groupoid. 





1 


2 


CO 


1 


2 


3 


1 


to 


1 


2 


3 


CO 


3 


1 


2 



Let us define T = {a, /?, 7 } as follows. 



a 


1 


2 


3 


0 


1 


2 


3 


7 


1 


2 


3 


1 


1 


1 


~T~ 


1 


2 


2 


~Y~ 


1 


1 


1 


1 


2 


1 


1 


1 


2 


2 


2 


2 


2 


1 


1 


1 


3 


1 


1 


1 


3 


2 


2 


3 


3 


1 


1 


3 



Clearly S is an intra-regular r-AG-groupoid because 1 = (2/3(lal))73, 
2 = (la(2/32))/33, 3 = (3/3(373))/33. 

Theorem 29 A T-AG** -groupoid S is an intra-regular Y -AG** -groupoid 
if STa = S or aY S = S holds for all a £ S. 

Proof. Let S be a r-AG**-groupoid such that SIA = S holds for all a £ S, 
then S = SrS. Let a £ S and therefore, by using (2), we have 

a £ s = (sys)ys = ((sra)r(sra))rs = ((srs)r( a ra))rs 
= (sr(ar a ))rs. 

Which shows that S is an intra-regular r-AG**-groupoid. 

Let a £ S and assume that arS = S holds for all a £ S, then by using 
(1), we have 



a£S = SYS = (arS)LS = (SrS)La = SYa. 
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Thus ST a = S' holds for all a £ S and therefore it follows from above that 
S is an intra-regular. ■ 

Corollary 30 If S is a T -AG** -groupoid such that aTS = S holds for all 
a £ S, then ST a = S holds for all a £ S. 

Theorem 31 If S is an intra-regular T -AG** -groupoid, then (BTS)TB = 
B D S, where B is a T-bi-(T -generalized bi-) ideal of S. 

Proof. Let S be an intra-regular T-AG**-groupoid, then clearly (BTS)TB C 
B ft S. Now let b £ B fl S which implies that b £ B and b £ S, then since 
S is an intra-regular T- AG** -groupoid so there exist x,y £ S and a, /?, 7 € 
T such that b = {xa{b(ib))^y. Now we have 

b = ( xa(b/3b))jy = (ba(xj3b))'yy = {ya{xj3b))^b 

= (ya(xP((xa(b(3b))'yy)))'yb = (ya((xa(b(3b))P(x'yy)))'yb 

= ((xa(b(3b))a(y/3(x'yy)))'yb = (((xjy)ay)a((b/3b)l3x))'yb 

= ((b(3b)a(((x'yy)ay)l3x))'yb = ((b/3b)a((xay)/3(x'yy)))'yb 

= {{b/3b)a((xax)/3(y^y)))'yb = (((y-yy)/3(xax))a(b(3b)) 76 

= (ba(((yjy)(3(xax))/3b))~/b £ (BTS)TB. 

Which shows that (BTS)TB = B fl S. ■ 

Corollary 32 If S is an intra-regular V- AG** -groupoid, then (BTS)TB = 
B , where B is a T-bi-(T -generalized bi-) ideal of S. 

Theorem 33 If S is an intra-regular T- AG** -groupoid, then (STI)TS = 
S fl I, where I is a T-interior ideal of S. 

Proof. Let S be an intra-regular r-AG**-groupoid, then clearly (SrJ)LS C 
S fl I. Now let i £ S fl I which implies that i £ S and i £ I, then since S 
is an intra- regular L-AG**-groupoid so there exist x,y £ S and a, 7 , <5 € 
r such that i = (xa(iSi))"/y. Now we have 

i = (xa{i8i))^y = {ia(x5i))^y = {ya{x5i))^i 

= (ya(xdi)) , y((xa(i6i))'yy) = ((( xa(i5i)) r yy)a(xSi)) r yy 

= ((ijx)a(yS(xa(iSi))))'yy = (((yS(xa(iSi)))'yx)ai)'yy £ (STI)TS. 

Which shows that (Sn)rS = S fl I. m 

Corollary 34 If S is an intra-regular T- AG** -groupoid, then (Sn)rS = 
I, luhere I is a T-interior ideal of S. 

Lemma 35 If S is an intra-regular regular T -AG** -groupoid, then S = 
STS. 



Proof. It is simple. ■ 
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Lemma 36 A subset A of an intra-regular Y -AG** -groupoid S is a T-left 
ideal if and only if it is a Y-right ideal of S. 

Proof. Let S be an intra-regular T-AG**-groupoid and let A be a T-right 
ideal of S, then ATS" C A. Let a £ A and since S is an intra-regular T-AG**- 
groupoid so there exist x,y £ S and /3, 7 , 6 £ F such that a = {x(3{a8a))^iy. 
Let p £ ST A and if £ Y, then by we have 

p = sifa = sip((xf3(a5a))"/y) = ( x/3(a5a))if(sjy ) = (aj3(xSa))if(sjy) 

= ((s'yy)j3(xda))ifa = (( a"/x)(3(ySs))ifa = (((ySs)"fx)/3a)ifa 
= ( a/3a)if((ySs)"/x ) = ( x(3(y5s))if(a"/a ) = aif((x/3(ySs))"/a) £ ATS 1 C A. 

Which shows that A is a T-left ideal of S. 

Let A be a T-left ideal of S , then ST A C A. Let a £ A and since S is an 
intra-regular T-AG**-groupoid so there exist x,y £ S and /3,-y,8 £ T such 
that a = ( xf3(a8a))"/y . Let p £ ATS” and if £ Y, then we have 

p = aifs = {{xf3{a5a)^y)ifs = (s^y)if(x[3(a5a)) = (( aSa)'jx)if(y/3s ) 

= (( y/3s) r yx)if(aSa ) = ( a r ya)if(x5(y/3s )) = (( x5(y(3s))ja)ifa £ ST A C A. 

Which shows that A is a T-right ideal of S. m 

Theorem 37 In an intra-regular Y -AG** -groupoid S, the following condi- 
tions are equivalent. 

(i) A is a T-bi-(T-generalized bi-) ideal of S. 

(■ ii ) (ATS)TA = A and AY A = A. 

Proof, (i) =>■ ( U ) : Let A be a T-bi-ideal of an intra-regular T-AG**- 
groupoid S, then (ATS)TA C A. Let a £ A, then since S is an intra-regular 
so there exist x, y £ S and /?, 7 , 5 £ T such that a = (xP(aSa))^y. Now we 
have 

a — ( x/3(aSa)) r yy = ( a/3(x6a))jy = ( y/3(x5a))"/a 

= (y/3(x5((x/3{aSa))'yy)))'ya = (y/3{{x/3(ada))S{x'yy)))'ya 
= ((xP(a8a))p(y5(x'yy)))'ya = ((a/3(xSa))P(yS(xjy)))ja 



= ({aPy)/3((x8a)5(x'yy)))'ya= (( xSa)/3((aPy)6(x'yy)))'ya 

= (( x5a)f3({a(3x)5(yjy)))'ya = ({{y^y)S(a/3x))/3(aSx))'ja 

= (aP(({yjy)8(aPx))6x))ja £ (ATS)TA. 
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Thus (ArS')rA = A holds. Now we have 

a = (x/3(aSa))jy = ( a/3(xSa))'yy = (yP(x8a))ja 

= (yP(x8((xp(a8a))^/y)))^a = (yP((xp(a8a))S(x^y)))ja 

= ((xP(a8a))P(y8(x^y)))ja = ((aP(x8a))P(y8(x’yy)))-ya 

= ((( y8{xjy))p(xSa))Pa)'ya = (((a8x)P((x'yy)8y))Pa)'ya 

= (((a8x)P((y'yy)8x))Pa)'ya = (((a8(y'yy))P(x8x))Pa)'ya 
= (((( xSx)8(y'yy))pa)Pa)'ya 

= ((((x8x)8(y'yy))P((xP(a8a))'yy))Pa)'ya 
= ((((x8x)8(y'yy))P((aP(x8a))'yy))Pa)'ya 
= ((((x8x)8(aP(x8a)))P((y'ry)jy))Pa)'ya 
= (((a8((x8x)P(x8a)))P((y'yy)'yy))Pa)'ya 
= (((a8((a8x)P(x8x)))P((y'yy)'yy))Pa)'ya 
= (((( a8x)8{aP(xSx)))p{{y”fy)'yy))Pa)'ya 

= (((( a8a)5(xp{x8x)))p({y'yy)^y))Pa)^a 

= ((((( yiy)iy)8{xp(x8x)))P{a8a))Pa)')a 

= {{aP{{{(yiy)iy)8{xP(x8x)))8a))Pa)ia 

C ((AYS)YA)YA C AY A. 

Hence A = AY A holds. 

(ii) =$■ ( i ) is obvious. ■ 

Theorem 38 In an intra-regular Y -AG** -groupoid S, the following condi- 
tions are equivalent. 

(i) A is a T-(l, 2)-ideal of S. 

(ii) (AYS)Y(AYA) = A and AY A = A. 

Proof, (i) => (ii) : Let A be a T-(l, 2)-ideal of an intra-regular T-AG**- 
groupoid S, then (ATS 1 ) (AT A) C A and AY A C A. Let a £ A, then since 
S is an intra- regular so there exist x, y £ S and P,j,8 £ T such that 
a = ( xp(a8a)'yy . Now 

a = ( xp(a8a)) r yy = ( aP(xSa))'yy = ( yP(x6a))'ya 

= (yP(x8((xp(a8a))^y)))'ya = (yP((xp(a8a))8(x^y)))^a 

= ((xp(a6a))P(yS(x'yy)))'ya = (((x'yy)Py)P((a8a)8x))'ya 

= (((y'yy)Px)P((a5a)5x))'ya = ((a8a)P(((y'yy)Px)8x))'ya 
= (( aSa)P((xpx)S(y'yy)))ja = (ap((xpx)S(yjy)))'y(aSa) £ (AYS)Y(AYA). 

Thus (AYS)Y(ATA) = A. Now we have 

a = ( xp(a8a)) r yy = (aP(x8a))^y = ( yp(x8a))'ya 

= (yP(x8a))^((xp(a5a))^y) 
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= ( x/3(a5a))'y((yf3(x5a))'yy ) 

= ( a(3{x5a))'y({y/3(x8a))'yy ) 

= {((yP{xda))'yy)P(x6a))'ya 

= {(a^x)p{y5{yP{x5a))))^a 

= ((((xp(a8a))jy)jx)/3(y5(yP(x5a))))ja 

= {((xjyhixP ( aSa ) ) )(3(yS (y/3 (xSa))))ja 
= ((( x'yy)jy)p((xp(aSa))S{yp(xSa))))'ya 

= (((yiyhx)P((xP{a6a))6(yP{x6a))))ja 

= ((( yiy)lx)P{(xPy)8((a8a)P(x5a))))'ya 

= {((yjyhx)P((a6a)5{{x/3y)l3{x5a))))ja 

= ((aSa)P(((y'yy)^x)8((xPy)p(xSa))))'ya 

= ((aSa)p(((yjy)jx)S((xpx)P(ySa))))'ja 
= ((((xpx)p(ySa))S((yjy)'yx))P(aSa))ja 
= ((((apy)P(xSx))5((y'yy)'yx))P(a5a))'ya 

= (((((xSx)Py)pa)6((y / yy)'yx))p(a5a))'ya 

= ((( xP(yyy))6(a'y((x6x)py)))P(a5a))'ya 

= (( aS((xP{y'yy))'y((x6x)py)))P(a5a))'ya 

= (( a8((xP(x6x))'y((y-yy)Py)))P(a6a))'ya 

G ((ATS)T(ATA))TA C AT A. 

Hence AT A = A. 

(ii) =>■ (i) is obvious. ■ 

Theorem 39 In an intra-regular T -AG** -groupoid S, the following condi- 
tions are equivalent. 



(i) A is a F-interior ideal of S. 

{ii) (STA)TS = A. 

Proof. (*) =$■ ( ii ) : Let A be a T-interior ideal of an infra- regular T-AG**- 
groupoid S, then (STAGS' C A. Let a € A, then since S is an intra- regular 
so there exist x, y G S and /3, 7, 6 G T such that a = (xfi(a5a))^y. Now we 
have 



a = (x/3(a5a))"fy = ( ap(x8a)) r yy = (yft{x5a))'ya 

= (y/3(x8a))'y((xP(a6a))'yy) 

= {{{xp{a5a))^y)p{x8a))^y 

= ((a'yx)p(y5(xp(a5a))))'yy 

= (((yS(xp(a5a)))'yx)Pa)Sy G {STA)TS. 

Thus (STA)TS = A. 

(ii) =>■ (*) is obvious. ■ 
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Theorem 40 In an intra-regular T -AG** -groupoid S, the following condi- 
tions are equivalent. 



(i) A is a F-quasi ideal of S. 

(■ a ) st < 2 n Qrs = q. 

Proof. (*) => (ii) : Let Q be a T-quasi ideal of an intra-regular T-AG**- 
groupoid S, then STQ n QTS C Q. Let q £ Q, then since S is an intra- 
regular so there exist x, y £ S and a,j3, 7 G T such that q = (xa(q'jq))(3y. 
Let pSq £ STQ , for some <5 € T, then 



pSq = p6((xa(q-/q))f3y) = ( xa(q^q))6(p/3y ) = (qa(x'jq))5(p(3y) 
= {qap)S((xjq)/3y) = (xj q)S((qap)/3y) = (y'y(qap))6(qPx) 

= qS((y'y(q a p))P x ) e Q TS - 

Now let qSy £ QTS , then we have 

qSp = {{xa(q'yq))/3y)Sp = (p/3y)5(xa(q-fq)) 

= x5((p(3y)a(q"fq)) = xS((q/3q)a(yjp)) 

= (qPq)S{xa(y^p)) = (( xa(yjp))/3q)Sq £ STQ. 

Hence QrS = SrQ. Then we have 



q = ( xa(qjq))/3y = ( qa(xjq))/3y = (ya(x^q))Pq £ STQ. 



Thus q £ STQ n QrS implies that STQ n QrS = Q. 
(ii) =>■ (i) is obvious. ■ 



Theorem 41 In an intra-regular T -AG** -groupoid S, the following condi- 
tions are equivalent. 



(i) A is a F-(l, 2)-ideal of S. 

(ii) A is a r -two-sided two-sided ideal of S. 

Proof, (i) => (ii) : Let S be an intra-regular r-AG**-groupoid and let 
A be a r-(l, 2)-ideal of S, then (ArS)r(ArA) C A. Let a £ A, then since 
S is an intra-regular so there exist x, y £ S and /3, 7 , <5 £ T, such that 
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a = (x/3(a6a))yy. Now let tp G T, then 

sipa = sip({x/3(a6a))jy) = ( x/3(ada))ip(syy ) 

= (a/3(x6a))ip(sjy) = (( sjy)/3(x6a))ipa 

= (( sjy)f3(x6a))-ip((xf3{aSa))jy ) 

= (xf3(a6a))ip(((sjy)f3(x6a))'yy) 

= ( yP{{sjy)P{xSa)))ip{{aSa)jx ) 

= {a5a)ip{{y/3{{sjy)f3{x6a)))jx) 

= (x5{yf3((s'yy)P(x6a))))tp(a^a) 

= (x6(yP((a'yx)P(y6s))))ip(a'ya) 

= ( x6((a'yx)P(yP(ySs))))ip(a'ya ) 

= ((a'yx)6(xp(yP(ySs))))ip(a'ya) 

= ((((xP(a6a))'yy)'yx)5(x(3(y/3(y5s))))ip(a'ya) 
= {{{x'jy)'y{xP{aSa)))S{xP{yp{ySs))))ip{a'ya) 
= ({((a5a)'yx)'y(ypx))S(xp(yP(y6s))))ip(a'ya) 

= (((( ypx)'yx)'y(aSa))6(xP(yp(ySs))))ip(a'ya ) 

= (((yP(y8s))jx)5((a6a)P((yPx)'yx)))'ip(a'ya) 
= (((yp{ySs))jx)6((aSa)P((xPx)'yy)))ip(a'ya) 



= ((aSa)S(((yP(ySs))'yx)P{(xPx)'yy)))ip(a'ya) 

= {{{{ x/3x)jy)6{(y/3{y6s))'yx))6(a/3a))ip{a'ya ) 

= {a5{{{x/3x)'yy)5{{{y/3{y6s))jx)f3a)))'ip{a'ya) G (HTS)T (HTH) C A. 

Hence H is a F-left ideal of S and so A is a T-two-sided ideal of S. 

{ii) => (i) : Let A be a T-two-sided ideal of S. Let y G (HrS)F (HIM) , 
then y = {a/3s)~/{b5b) for some a,b G A, s G 5 and /3, 7, <5 G T. Now we have 

y = {afis^fbSb) = bj({a/3s)5b) G ALTS' C A. 

Hence (HTS)T {AT A) C A and therefore A is a T-(l, 2)-ideal of S. ■ 

Theorem 42 In an intra-regular T -AG** -groupoid S, the following condi- 
tions are equivalent. 

{i) A is a T-(l, 2)-ideal of S. 

{ii) A is a T-interior ideal of S. 

Proof, (i) =>• {ii) : Let A be a T-(l, 2)-ideal of an intra-regular T-AG**- 
groupoid S, then (HrS)r(HFH) C A. Let p G (STH)rS, thenp = {sya)ips 
for some a G A, s, s G S and fj,,ip G T. Since S is intra-regular so there 
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exist x, y £ S and ( 3 , 7,5 £ T such that a = ( x( 3 (a 5 a)) 7 y . Now we have 

p = ( syajips = ( sp((x^(aSa)) 7 y))ijjs 

= (( x( 3 (a 5 a))n(s 7 y))ips = (s p(s 7 y))ip(x( 3 (a 5 a)) 

= (s p(s 7 y))ip(afi(x 5 a)) = aif>((s y(s 7 y))( 3 (x 5 a)) 

= ((xP(a 6 a))'yy)ip((s ii(s 7 y))P(x 6 a)) 

= ((al 3 (x 5 a)) 7 y)ip((s' n(sjy))0(x5a)) 

= ({a/ 3 (x 5 a)) 7 (s n(s 7 y)))ip(y/ 3 (x 6 a)) 

= ((aPs) 7 ((x 5 a)y(s 7 y)))ip(yP(x 5 a)) 

= ((aPs')'y((y 6 s)ii(a'yx)))ip(yP(x 6 a)) 

= (( aPs)j(an((y5s)'yx)))ip(yP(x6a )) 

= ((a/ 3 a) 7 (s n((y 5 s) 7 x)))ip(yP(x 5 a)) 

= (( a/ 3 a) 7 {(y 5 s)n(s' 7 x)))ip{y/ 3 (x 5 a )) 

= ((y/ 3 (x 5 a)) 7 ((y 5 s)y,(s 7 x)))ip{a/ 3 a) 

= ((y/ 3 (y 5 s)) 7 ((x 5 a)y,(s 7 x)))ip{al 3 a) 

= ((y/ 3 (y 5 s))'y((x 5 s')p,(a 7 x)))ip(apa) 

= ((y/ 3 (y 5 s)) 7 (ay((x 6 s') 7 x)))'ip(a/ 3 a) 

= (ai({yl 3 (y 5 s))y((x 5 s') 7 x)))ip{a/ 3 a) 

£ (ATS)T{ATA) C A. 

Thus (STA)rS' C A. Which shows that A is a T-interior ideal of S. 

(■ ii ) ==> (i) : Let A be a T-interior ideal of S, then (STA)TS' C A. Let 
p £ (-ATS)r(Ar.A), then p = (ays)ip(bab), for some a,b £ A, s £ S and 
p, ip, a £ T. Since S is intra-regular so there exist x, y £ S and ( 3 , 7,5 £V 
such that a = (x( 3 (a 5 a)) 7 y. Now we have 

p = ( ays)ip(bab ) = (( bab)ys)ipa 

= (( bab)ys)ip((xP(a 7 a)) 7 y ) 

= (x( 3 (a, 7 a))ip(((bab)ns) 7 y) 

= ((((bab)ns) 7 y)/ 3 (a, 7 a))il>x 

= ((a 7 a)/ 3 (y 5 ((bab)iis)))ipx 

= ((( y 5 ((bab)ys)) 7 a)/ 3 a)ipx £ (STA)TS' C A. 

Thus (ATS)T(ATA) C A. 

Now by using (3) and (4), we have 

AT A C ^TS = AT(STS) = ST(ATS) = {STS)T(ATS) 

= (STA)T(STS) = (STA)TS C A. 

Which shows that A is a T-(l, 2)-ideal of S. m 
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Theorem 43 In an intra-regular T -AG** -groupoid S, the following condi- 
tions are equivalent. 

(i) A is a F-bi-ideal of S. 

(ii) A is a T-interior ideal of S. 

Proof. (*) ==> (ii) : Let A be a T-bi-ideal of an intra-regular T-AG**- 
groupoid S, then (ArS')rA C A. Let p £ (STA)TS, then p = (spa)ips for 
some a £ A, s, s £ S and p, if £ T. Since S is an intra-regular so there 
exist x, y £ S and (3,"/, 6 £ F such that a = (x/3(aSa))^y. Now we have 

p = ( spa)ips = (sp((x(3(a5a)) r yy))il)s 

= ((xP(a8a))p(sjy))ips = (s p(s'yy))if(xP(a8a)) 

= (( a5a)px)ip((s'yy)f3s ) 

= (((sjy)/3s )px)tp(a8a) = ((x/3s )p(s'yy))ip(a8a) 

= (apa)ip((s'yy)5(xf3s )) = (((s'yy)8(x/3s ))pa)ipa 
= ((( s'yy)8(x/3s))p((x/3(a8a))'yy))ipa 

= (((s'yy)8(xp(a8a)))p((x/3s')'yy))ipa 

= ((((a8a)jx)8(yPs))p((x/3s)'yy))ipa 

= ((((xPs)jy)8(y/3s))p((a8a)'yx))ipa 

= ((a8a)p((((x/3s)jy)S(y/3s))jx))ipa 

= ((x6(((x/3s)"/y)S(yf3s)))p(aja))ipa 

= (ap((xS(((x/3s)jy)S(yPs)))^a))ipa 

£ (Ars)rA C A. 

Thus (STA)TS C A. Which shows that A is a F-interior ideal of S. 

(ii) => (i) : Let A be a F-interior ideal of S, theu (STA)rS 1 C A. Let 
p £ (ArS)rA, then p = (aps)ifb for some a,b £ A, s £ S and p,tp £ T. 
Since S is an intra-regular so there exist x, y £ S and (3, 7 , <5 £ F such that 
b = (xf3(b8b))^y. Now 

p = (aps)ipb = (aps)il)((xf3(b8b))^y) = (x/3(b8b))ip((aps)"fy) 

= (((aps) r yy)/3(b8b))ipx = ((b^b)/3(yS(aps)))ipx 
= (((y8(aps))-/b)(3b)i/jx £ (STA)TS C A. 

Thus (Ars')rA C A. 

Now 



ArA C ATS = AT(STS) = ST(ATS) = (STS)T(ATS) 
= (STA)T(STS) = (STA)TS C A. 



Which shows that A is a T-bi- ideal of S. m 
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Theorem 44 In an intra-regular T -AG** -groupoid S, the following condi- 
tions are equivalent. 

(i) A is a T-(l,2)-ideal of S. 

(ii) A is a T-quasi ideal of S. 

Proof, (i) => (ii) : Let A be a T-(l, 2)-ideal of intra-regular T-AG**- 
groupoid S, then (ArS)T(ArA) C A. Now we have 

ST A = Sr(ATA) = ST((ATA)TA) 

= (ATA)T(STA) = (ATS)T(ATA) C A. 

and by using (1) and (3), we have 

Ars = (ArA)rs = ((ArA)rA)rs = (srA)r(ArA) = (sr(ArA))r(ArA) 
= ((srs)r(ArA))r(ArA) = ((ArA)r(srs))r(ArA) 

= (Ars)r(ArA) c a. 

Hence (ArS) D (SrA) C A. Which shows that A is a F-quasi ideal of S. 

(ii) => (i) : Let A be a T-quasi ideal of S, then (ArS) ft (SrA) C A. 
Now ArA C ArS and ArA C SrA. Thus ArA C (ArS) n (SrA) C A. 
Then 

(Ars)r(ArA) = (ArA)r(srA) c Ar(srA) = sr(ArA) c srA. 

and 



(Ars)r(ArA) = (ArA)r(srA) c AF(srA) = sr(ArA) 

= (srs)r(ArA) = (ArA)r(srs) c Ars. 

Thus (ArS)r(ArA) C (ArS) n (SrA) C A. Which shows that A is a 
r-(l,2)-idealof S. ■ 

Lemma 45 Let A be a subset of an intra-regular T- AG** -groupoid S, then 
A is a T-two-sided ideal of S if and only if ATS = A and SrA = A. 

Proof. It is simple. ■ 

Theorem 46 For an intra-regidar T -AG** -groupoid S the following state- 
ments are equivalent. 

(i) A is a F-left two-sided ideal of S. 

(ii) A is a T-right two-sided ideal of S. 

(Hi) A is a T-two-sided ideal of S. 

(iv) ATS = A and ST A = A. 

(v) A is a T-quasi ideal of S. 

(vi) A is a T-(l, 2)-ideal of S. 

(vii) A is a T-generalized bi-ideal of S. 
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(■ viii ) A is a T-bi-ideal of S. 

( ix ) A is a T-interior ideal of S. 

Proof. (i) ==> (ii) and (ii) ==> (Hi) are easy. 

(Hi) ==> (in) is followed by above Lemma and (iv) =>■ (t>) is obvious, 
(u) ==> (vi) It is easy. 

(vi) => (vii) : Let A be a T-(l, 2)-ideal of an intra-regular T-AG**- 
groupoid S, then (ATS)T(ATA) C A. Let p G (ATS)TA, then p = (ay,s)ipb 
for some a,b G A, s G S and p, ip G T. Now since S is an intra-regular so 
there exist x, y € S and /3, 7 , 6 € T such that such that b = (xfi(b5b))^y 
then we have 

p = (ap,s)if>b = (aps)ip((xP(bSb))jy) 

= (x/3(bSb))%p((ays)jy) = (y/3(ap,s))ip((bSb) jx) 

= (b6b)ip((yP(ap,s))'yx) = (x6(y/3(ays)))-ip(b-fb) 

= (xS(aP(yys)))ip(bSb) 

= (a5(x(3(yys)))-ip(b5b) G (ATS)T(ATA) C A. 

Which shows that A is a F-generalized bi- ideal of S. 

(vii) ==> (viii) is simple. 

(viii) =>• (ix) is followed easily. 

(ix) =>■ (i) is followed by previous results . ■ 

Theorem 47 In a V -AG** -groupoid, S, the following conditions are equiv- 
alent. 

(i) S is intra-regular. 

(ii) Every T-bi-ideal of S is r-idempotent. 

Proof, (i) =>• (ii) is obvious. 

(ii) => (*) : Since STa is a T-bi- ideal of S, and by assumption STa is 
T-idempotent, so we have 

a G (STa) T (STa) = ((STa) T (STa)) T (STa) 

= ((STS) T (ala)) T (STa) C (ST (ala)) T (STS) 

= (ST (aTa)) TS. 

Hence S is intra-regular. ■ 

Lemma 48 If I and J are T -two-sided ideals of an infra-regular T-AG**- 
groupoid S , then I (~l J is a T-two-sided ideal of S. 

Proof. It is simple. ■ 

Lemma 49 In an intra-regidar T -AG** -groupoid ITJ = I n J, for every 
T-two-sided ideals I and J in S. 

Proof. Let I and J be any T-two-sided ideals of S, then obviously ITJ C 
ID J. Since I D J C I and I D J C J, then (I C\ J) (I C\ J) C ITJ , also, 
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In J is a T-two-sided ideal of S, so we have Ifl J = (I n J) (I fl J) C ITJ. 
Hence ITJ = I fl J. ■ 

Lemma 50 Let S be a T -AG** -groupoid, then S is an intra-regular if and 
only if every T-left ideal of S is T-idempotent. 

Proof. Let S be an intra-regular T-AG**-groupoid, then every T-two-sided 
ideal of S is T-idempotent. 

Conversely, assume that every T-left ideal of S is T-idempotent. Since 
STa is a T-left ideal of S, so we have 

a e STa = (STa) T ( STa ) = ((STa) T (STa)) T (STa) 

= ((STS') T (oTo)) T (STa) C (ST (aTa))T(STS) 

= (ST (oTo)) TS. 

Hence S is intra-regular. ■ 

Lemma 51 In an AG** -groupoid S, the following conditions are equiva- 
lent. 

(i) S is intra-regular. 

(ii) A = (STA) (STA), where A is any T-left ideal of S. 

Proof, (i) => (ii) : Let A be a T-left ideal of an intra-regular T-AG**- 
groupoid S, then STA C A and then, (STA) (STA) = STA C A. Now 
A = AT A C STA = (STA) (STA), which implies that A = (ST A) (ST A). 

(ii) => (i) : Let A be a T-left ideal of S, then A = (STA)(STA) C AT A, 
which implies that A is T-idempotent and so S is an intra-regular. ■ 

Theorem 52 A T -AG** -groupoid S is called T -totally ordered under in- 
clusion if P and Q are any T -two-sided ideals of S such that either P C Q 
or Q C P. 

A T-two-sided ideal P of a T-AG**-groupoid S is called T-strongly irre- 
ducible if A fl B C P implies either A C P or B C P, for all T-two-sided 
ideals A, B and P of S. 

Lemma 53 Every T-two-sided ideal of an intra-regular T -AG** -groupoid 
S is T-prime if and only if it is T-strongly irreducible. 

Proof. It is an easy. ■ 

Theorem 54 Every T -two-sided ideal of an intra-regidarT-AG** -groupoid 
S is T-prime if and only if S is T-totally ordered under inclusion. 

Proof. Assume that every T-two-sided ideal of S is T-prime. Let P and 
Q be any T-two-sided ideals of S, so , PTQ = P fl Q, and P fl Q is a 
T-two-sided ideal of S, so is prime, therefore PTQ C P fl Q, which implies 
that PCPnQ or QCPnQ, which implies that P C Q or Q C P. Hence 
S is T-totally ordered under inclusion. 
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Conversely, assume that S is T- tot ally ordered under inclusion. Let /, J 
and P be any T-two-sided ideals of S such that ITJ C P. Now without 
loss of generality assume that 1C J then 

i = iti c itj c p. 

Therefore either I C P or J C P, which implies that P is T-prime. ■ 

Theorem 55 The set of all T -two-sided ideals of an intra-regular T-AG**- 
groupoid S, forms a T -semilattice structure. 

Proof. Assume that Tx be the set of all T-two-sided ideals of an intra- 
regular T-AG**-groupoid S and let A, B G Tx , since A and B are T-two- 
sided ideals of S, then by using (2), we have 

{ATB)TS = { ATB ) T (STS') = {ATS) T { BTS ) C ATB. 

Also ST(ATP) = {STS) T {ATB) = {ST A) T{STB) C ATB. 

Thus ATB is a T-two-sided ideal of S. Hence Tx is closed. Also we have, 
ATB = AnB = BnA = BTA , which implies that Tx is commutative, so 
is associative. Now AT A = A, for all A G Tx- Hence Tx is T-semilattice. ■ 

Theorem 56 For an intra-regular T- AG** -groupoid S , the following state- 
ments holds. 

{i) Every T-right ideal of S is T-semiprime. 

{ii) Every T-left ideal of S is T-semiprime. 

{in) Every T-two-sided ideal of S is T-semiprime 
Proof, {i) : Let R be a T-right ideal of an intra-regular T-AG**-groupoid 
S. Let aSa G R for some d £ T and let a € S. Now since S is an intra- 
regular so there exist x, y G S and /3,7, 1 5 G T such that a = {x/3{aSa))'yy. 
Now we have 

a = {xf3{aSa))'yy = {a/3{xSa))'yy = {y/3{x6a))ya 

= {yP{xSa))'y{{x/3{a6a))'yy) = {x/3{a5a))'y{{y/3{x5a))jy) 

= (xP{y/3{x6a)))'y{{aSa)'Yy) 

= {a5a)^{{xl3{yj3{x8a)))yy) G RT{STS) = RTS C R. 

Which shows that R is T-semiprime. 

{ii) : Let L be a T-left ideal of S. Let aSa G L for some d G T and let 
a G S now since S is an intra-regular so there exist x, y G S and /3, 7, 8 G T 
such that a = {xf3{a8a))yy, then we have 

a = {xf3{a8a))'yy = {a/3{xSa))'yy = {y/3{x8a))ya 

= {y/3{xSa))'y{{x/3{aSa))'yy) = {x/3{a8a))'y{{y/3{xSa))jy) 

= C yP{yP{x8a)))'y{{aSa)'yx ) = {a8a)^{{yld{yl3{x8a)))^x) 

= {x8{y/3{y/3{xSa))))'y{aya) G STL C L. 
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Which shows that L is r-semiprime. 

(in) is obvious. ■ 

Theorem 57 A T -two-sided ideal of an intra-regular T-AG** -groupoid S 
is minimal if and only if it is the intersection of two minimal T-two-sided 
ideals. 

Proof. Let S be an intra-regular T-AG** -groupoid and Q be a minimal 
T-two-sided ideal of S, let a € Q. As ST(STa) C STa and .STEFS') C 
aT(STS) = aTS , which shows that STa and aTS are T-left ideals of S so 
STa and aTS are T-two-sided ideals of S. 

Now 



sr(sra n ars) n (sr a n a rs)rs 
= sr(sra) n sr( a rs) n (sr a )rs n ( a rs)rs 
c (sr a n ars) n (sr a )rs n sr a c sr a n ars. 

Which implies that STa D arS is a T -quasi ideal so STa ft arS is a 
T-two-sided ideal. 

Also since a £ Q, we have 

sra n ars c srQ n Qrs c q n q c q. 

Now since Q is minimal so STa ft arS = Q, where Sra and arS are 
minimal T-two-sided ideals of S, because let I be a T-two-sided ideal of S 
such that I C Sra, then 

i n ars c sr a n «rs c q, 



which implies that 

I D ars = Q. Thus QCI. 

So we have 

STa C STQ C ST I C I , gives 
sra = /. 



Thus STa is a minimal T-two-sided ideal of S. Similarly aTS is a mini- 
mal T-two-sided ideal of S. 

Conversely, let Q = / fl J be a T-two-sided ideal of S, where I and J 
are minimal T-two-sided ideals of S, then Q is a T -quasi ideal of S, that is 
STQ n grs C Q. 

Let Q be a T-two-sided ideal of S such that Q C Q, then 



stq' n Q'rs c srQ n Qrs c q, also stq' c sti c j 
and Q'TS C jrS C J. 
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Now 



st (stq') = (srs) r (srQ') = (g'rs) r (srs) 

= (q'ts) ts = (STS) tq' = stq' 

implies that STQ is a T-left ideal and hence a T-two-sided ideal. Similarly 
Q TS is a T-two-sided ideal of S. 

But since I and J are minimal T-two-sided ideals of S, so 

STQ = I and Q TS = J. 

But Q = I D J, which implies that, 

q = stq' n q'ts c q . 

Which give us Q = Q . Hence Q is minimal, m 



2.2 Locally Associative r-AG**-groupoids 

In this section we introduce a new non-associative algebraic structure namely 
locally associative r-AG**-groupoids and decompose it using T- congruences. 
An AG-groupoid S is called a locally associative T-AG-groupoid if ( aaa)j3a = 
aa(a(3a), holds for all a in S and a,/3 € T. If S is a locally associa- 
tive AG-groupoid then it is easy to see that (Sra)rS = Sr(arS) or 
(srs)rs = sr(srs). For particular a € F, let us denote aaa = a 2 a 
for some a € T and aaa = a 2 , V a € T i.e. cTa = a 2 and generally 
arara...ara = ajl(n times.) 

Let S be an r-AG**-groupoid and a relation p r be defined on S as follows: 
ap T b if and only if there exists a positive integer n such that aTb^ = b^ +1 
and MAp = cip +1 , for all a and b in S. 

Proposition 58 If S is a locally associativeT-AG** -groupoid, thenaTaf +1 = 
(ap +1 )ra, for all a in S and positive integer n. 

Proof. 

a rap +1 = ar(apra) = a^ara) = (ap _1 ra)r(ara) = (aFa)r(aFap" 1 ) 

= (ara)r< = «r a )ra = (a” +1 )ra. 



Proposition 59 In a locally associative T -A G** -groupoid S, aptap = a™ +ra 
Va£S and positive integers m, n. 
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Proof. 

a™ + 1 a? = (apTa)TaP - (a+a+a ? 1 = (aTaPJTap 1 
= (ajfTap)ra = a ™+"r a = a™ + ” +1 . 



Proposition 60 If S is a locally associative Y-AG** -groupoid, then for all 
a, b in S, (aT6)p = a^Yb^. and positive integer n > 1 and (aT&)p = 6pFap, 
for n> 2. 

Proof. 

( a r&)^ = ( a r6)r( a r6) = ( a r a )r(&r6) = a 2 r& 2 . 

(ar&)£ +1 = ( a r&)£r(ar6) = (4r&£)r(ar&) = (a£ra)r(&£r&) = a£ +1 r&£ +1 

Let n > 2. Then by (3) and (1), we get 

(oT6)p = a^Tb^ = (arap _1 )r(&r&p _1 ) = &r((arap _1 )r&p _1 )) 

= 6r((6p _1 rap _1 )ra) = 6r((6Ta)p- 1 ra) = (6ra)p _1 r(6Ta) 

= (6ra)P = 6pTap. 



Proposition 61 In a locally associative Y-AG** -groupoid S, (ap)p = a™ 
for all a £ S and positive integers m, n. 

Proof. 

(a” 1+1 )p = (a?Ta)P = «)P r a? = ap^a? = a™ n+n = a^ (m+1) . 



Theorem 62 Let S be a locally associative Y-AG** -groupoid. If aYb™ = 
b™ + and bYa p = a,p +1 for a,b € S and positive integers m, n, then ap T b. 

Proof. If n > to, then 



&”-"T(aT&n 

aY(b^ m Yb^) 

aY b n-m+ m 

aYb£ 



b 

b 

b 

b 



n-mpim+1 

r 1 °r 

n— m+ra+1 

r 

n+1 

r 

n+1 

r • 



Theorem 63 The relation p T on a locally associative Y -AG** -groupoid is 
a congruence relation. 
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Proof. Evidently p r is reflexive and symmetric. For transitivity we may 
proceed as follows. 

Let ap T b and bp r c so that there exist positive integers n, m such that 



aTbZ = 6p +1 , bTc? = a”+\ and 



bTdft = c™ +1 , cTV? = 6™ +1 . 

Let k = (n + l)(m + 1) — 1, that is, k = n(m + 1) + m. Thus we get, 



arc? 



= arc” (m+1)+m = ar(c” (m+ 1 ) r c ^) = ar{(c™ + 1 )?rc^} 

= ar{(&r c p)prcF*} = arft&prcF^rc"*} = a r( C p 1 [n+ 1 ) rb n ) 

= C p (n+ 1 ) r(ar&ji) = c™ (n+ 1 ) r ^ +1 = ( c jit &)” +1 = ^ + 1 r C p (n+1) 



= (M?c™)p +1 = Cp +1 . 



Similarly, cTa k = Op +1 . Thus p r is an equivalence relation. To show that 
p r is compatible, assume that ap r b such that for some positive integer n, 



aT&? = 6p +1 and bTa p = a” +1 



Let c £ S, then, we get 

(ar c )r(&r c )? = (ar c )r(6?rc£) = (ar^)r( c r c ?) = 6” +1 r c ” +1 = (&r c )” +1 . 

Similarly, (&Tc)r(aTc)p = (aTc)p +1 . Hence p r is a congruence relation on 

S. m 



Lemma 64 Let S be a locally associative T- AG** -groupoid, then aTbp r bTa, for 
all a, b in S. 

Proof. 



(ar&)r(fcTa)p +1 = (ar&)r(a” +1 T6” +1 ) = (aTa” +1 )r(6r6” +1 ) 

= a” +2 n>£+ 2 = (6Ta)p +2 . 

Similarly, (6Ta)r(ar&)p +1 = (aTb) p +2 . Hence aTbpbTa, for all a,b in S. 



A relation p on an AG-groupoid S is called separative if aTbpaf and 
aT&pp&p implies that ap T b. 

Theorem 65 The relation p r is separative. 

Proof. Let a, b £ S, aT6p r ap, and aT6p r 6p. Then by definition of p r there 
exist positive integers m and n such that, 

(aT6)T(ap)]f l = 

(aT6)r(6 2 )? - 



(4)™ +1 , a 2 r(aT6)™ = {aTb)™ +1 and 
(4)? +1 , 4r(aH4 = (aT6)p +1 . 
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Then 

(aTb)T4 m = ( alb ) Y {agTatp) = (aTa?) T ( bTa £) = (a™ +1 )T {bTa]?) 

= 6r(a™ +1 ra^) = bTal m+ \ but {aTb)Ta 2 r m = (4)™ +1 = a 2m+2 , 

which implies that bTa^ n+1 = a^ m+2 . Also (aT&)r(&p)p = (6p)p +1 , implies 
that b 2n+1 Ta = b^ n+2 . Also, we get 

bl n+2 vbl = (^” +1 r a )r^, 

this implies that 

bl n+i = & 2 r(ar& 2n+1 ) = ar(b$Tb 2n+1 ) = aTbf n+3 . 

Hence, ap T b. m 

Theorem 66 Let S be a locally associative T-AG** -groupoid. Then S / p T 
is a maximal separative commutative image of S. 

Proof. p r is separative, and hence S/p T is separative. We now show that 
p r is contained in every separative congruence relation or on S. Let ap T b 
so that there exists a positive integer n such that, 

aTb’f = 6p +1 and bTa p = «” +1 . 

We need to show that aarb, where crp is a separative congruence on S. Let 
k be any positive integer such that, 

aTb k Tab k+1 and bTa^aa k+1 . (5) 

Suppose k ^ 3. 

(arkjr 1 ) 2 = {aTb k - 1 )T{aTb k ~ 1 ) = 4rfc 2fe - 2 = ( a r a )r(&(r 2 r6£) 

= (aTb’f- 2 )T(aTb^) = {aTb k ~ 2 )Tb k+1 

Therefore 

(ar6*- 2 )r(ar6^)(7r(ar6^- 2 )r6^ +1 . 

Thus we get 

{aTb k ~ 2 )Tb k+1 = {b k+1 Tb k ~ 2 )Ta = 6 2fc_1 ra = (ftfr&jr^ra = (ar^ _1 )r6 
Also (arfo^- 1 )^ = = 6 2fc_1 ra = (^ _1 r^)ra 

- (ar&^r&jr 1 , 



implies that 



(ar&p -1 ) 2 CTr(ar&p)r&p -1 . 
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Since aTb£a r b* +1 and (arb^Tb^arb^rb^r 1 , hence (aT&jT^rM&iOr- 
It further implies that, 

(ar&p -1 )pu r (ar6p -1 )&pCT r (&r)r- 

Thus 

aT^Vr&r- 

Similarly, 

6ra^V r 4- 

Thus if (13) holds for k, it holds for k — 1. 

Now obviously (13) yields 

uT 6 p(jp 6 p and 6 Tup(jpCtp. 



Also, we get 



(ar&p)Tap(jp&p a r and ( 6 rap)r&pOpapr&j 
(apTfe^raa-'r^prap and (&pTap)r&Opapr&p 
(6prap)ra<jparr4 and (arT&p)T&Op&prar 
apr6pCTparr4 and 4^444^4 
apr&p< 7 parT&r and apr 6 p 0 p 6 pTap, 

which implies that (&pra)pCTpapT 6 p( 7 p(apr 6 )p, and as a' r is separative 
and ( 6 pTa)r(apr 6 ) = (&prap)r(aT&) = (apr&p)r(aT 6 ) = apT&p, so a^Tba'Tb 
Now we get 

(a^r 6 )racr'r( 6 ^ra)ra 

(ar&)Tap(7parTfrr 

apT(6ra)(Tparr4 
&Tap(Tparr4 but 6 Tapcrp a r) 

Thus ( 6 Ta)pCTp&rap<Tp(ap)p, now since cr' T is separative and apT( 6 Ta) = 
MAp, so we get bVaa' T a f. 

Similarly we can obtain aTba^b^. 

Also it is easy to show that (13) holds for k = 2 . 

Thus if (5) holds for k, it holds for k = 1. By induction down from k, 
it follows that (5) holds for k = 1, an>cr r &p and bTaa rap. Now it is easy 
to see that aT&crr&r! we get (&ra)p<Tr 6 pTa, and again from aTbarb^ we 
get ^TacT^r- So (6ra)p(Tr4ba , T&p implies that bTaarb^ which further 
implies that aTbarbTa. Thus we obtain aa^b. Hence p r C o-p and so S / p T 
is the maximal separative commutative image of S. ■ 

Lemma 67 If xTa = x (a = ap) for some x in a locally associative T- 
AG** -groupoid then 2 ;pra = x p for some positive integer n. 



i-]tO 
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Proof. Let n = 2, then using (2), we get 

x^Ya = (xrx)r(ara) = (xTa)r(xTa) = xYx = Xp. 

Let the result be true for k. that is, x k Ya = x k . Then by (2) and Proposition 
1, we get 

Xp +1 Ta = (xTxp)P(ara) = (xTa)r(x£Ta) = xTx$ = x k T +1 . 

Hence XpTa = xjl for all positive integers n. ■ 

Lemma 68 If S is a Y-AG-groiLpoid, then Q = {x\xGS,xYa = x and 
a = <Zp} is a commutative subsemigroup. 

Proof. As aTa = a, we have a G Q. Now if x, y G Q, then by identity (2), 

xTy = (xYa)Y(yYa) = (xT?/)r(ara) = (xTy)Ta. 

To prove that Q is commutative and associative, assume that x, y and 2 
belong to Q. Then by using (1), we get 

xTy = ( xYa)Yy = (yTa)rx = yYx. Also 

(xYy)Yz = ( zYy)Yx = xY{yYz). 

Hence Q is a commutative subsemigroup of S. ■ 

Theorem 69 Let p T and crp be separative congruences on locally asso- 
ciative Y-AG** -groupoid S and x 2 a = x 2 (a = ap) for all x in S. If 
Pr n (Qr x Qp) C cr r n (Qr x Q r ), then p T C crp. 

Proof. If xp r y then, 

(xf r(xry))ppp(xpr(xTy)r(xpr?/p)pp(xp2/p)p. 

It follows that (xpT(xTy))p, (x 2 y 2 ) 2 G Qr. Now by (2), (1), (3), respec- 
tively, we get, 

(xr(xTj/))r(xpr^) = (xpTxr)r((xTy)r^) = (x 2 r Yx 2 r )T(^Tx) 

= XpT(ypTx) = ypr(xpTx) = ypTxp and 
(2/pTxp)Ta = (j/pTxp)r(ara) = (ypra)r(xpTa) = ypTxp. 

So Xpr(xr 2 /)r(xrTyp) G Q. Hence (xpT(xry))p(Jr(Xp(xTy)r(xpr2/p)(7r(xp2/p)p 
implies that 

x 2 Y(xYy)ax 2 Yy 2 . 

Since XpTypPpXp and (x^Yy 2 ), Xp € Q. Thus XpTj/pcrpXp and we get 
(xp)pOTXp(xr2/)<7r(xTy)p which implies that XpO-pxTy. Finally, x^Pry 2 
and Xp, yf G Q , implying that xfary 2 , XpOTxTyaryp. Thus xary because 
crp is separative. ■ 
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Lemma 70 Every left zero congruence is commutative. 

Proof. Let aa ra and barb which implies that aYbaraYb, (ar&)r(ar&)cr(ar&)p = 
(6pa)p and so we obtain ar&crr&ra. ■ 

The relation rj r define on S by ar] r b if and only if there exists some 
positive integers m, n such that 6™ € aYS and ajt G bYS. 

Theorem 71 Let S be a locally associative Y-AG** -groupoid. Then the 
relation rj r is the least semilattice congruence on S. 

Proof. The relation rj r is obviously reflexive and symmetric. To show tran- 
sitivity, let a?7 r 6 and &?7 r c, where a,b,c G S. Then aTx = 5™ for some x 
and bYy = cp, for some x and y G S. Then we get 

cr = (cp)P 1 = (bry)T = y?Yb? = jtfT(ar®) = aTfepr*), 

implies that Cp = aTz, where k = mn and 2 = (t/™Tx). Similarly, bTx' = 
a™' and cYy' = b r f implies that dp = cYz'. 

Let a, b, c G S and arj T b (3 m,n G Z + )( 3 x, y G S) b™ = aTayap = 
bYy. If m = 1, n > 1, that is b = aYx , ap = bYy for some x,y G S, then 

6p = (6r&)r(aTa;) = ar(6pTa:) G aYS. 

Similarly we can consider the case m = n = 1. Suppose that m, n > 1. 
Then we obtain 

{bYc)^ = b™Yc™ = (aPr)rcJ? = (ara)P(cPcp^ 1 ) 

= (arc)r(arc m " 1 ) = (aTc)ry, where y = xTc™ -1 . 

Thus aTcTy^Tc and cYarjcYb. 

Now to show that rj T is a semilattice congruence on S, first we need to 
show that ay r b implies aYbr] r a. 

Let a?7 r b, then 6™ = aYx and = bYy for some x and y G S. So 

{dYb)f = a^Yb^ = a?T(ara;) = ar(apTz). 

Also ap = bYy implies that dp +2 = afTap = (ara)r(&ry) = (ar&)r(ar?7). 
Hence aYbr] r a which implies that ap? 7 r a, (a 2 ) r = (a v )r and so S /r] T is 
idempotent. 

Next we show that r/ r is commutative. By Proposition 4, (ar&)p = 
(fcTa)p, which shows that aYbpbYa that is a v Yb v = b ri Ya v , that is S/ rj r is 
a commutative AG-groupoid and so is left zero commutative semigroup of 
idempotents. Therefore ?7 r is a semilattice congruence on S. Next we will 
show that ?7 r is contained in any other left zero semilattice congruence p T 
on S. Let ay r b, then 6™ = aPa and ap = bYy. Now since a/? r ap and 6p r 6p, 
it implies that aYxp r afYx, ap r ap and bp r b™ which further implies that 
ap r bYy and bp r aYx. It is easy fact that aYbpbYa, for some P G P. Also 
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since bp r bf and p r is compatable, so we get bTyp r bfTy. We can easily see 
that bTap r aTbp r ap r bTyp r b 2 Ty which implies that bTap r b 2 Ty. Similarly 
we can show that ar&/9 r a 2 r:r. So ap r bTyp r bYTybTap r aTbp T aYTxp r aTxp r b 
implies that ap r b. Thus r] r is a least semilattice congruence on S. m 

Theorem 72 is separative. 

Proof. Let a 2 rj r aTb and aTbr] r b 2 , then there exist positive integers m, m 
and n,n such that: 

(ap)™ = (ar&)pTa:, (aTb)™ = (ap)pTx and 

(aTb)? = ( b 2 ) 2 Ty,(b 2 )^ = (aTb) 2 Ty . 

Now we get, 

a 2m+2 = al m Tal = (4)?T4 = ((a r r&)jA:r)r4 

= (a 2 rx)r( a r6)^ = (a 2 rz)r( a 2 n> 2 ) = (a 2 rx)r(6 2 r a ^) 

= fe 2 r((apra;)rap) = b 2 Vte, where te = ((a 2 rx)ra 2 ). 

Similarly, 

b 2 r n+ 2 = b 2 T n vb 2 T = (( a r&)£rj/)rz£ = (^ry)r(af-r^) = 4r((&^r y )nD 

= a 2 Ttr, where tr = (( b 2 Ty)Tb 2 ). 

Hence rj r is separative. ■ 

Theorem 73 Let S be a locally associative T-AG** -groupoid. Then S/ri T 
is a maximal semilattice separative image of S. 

Proof. By Theorem 6, rj T is the least semilattice congruence on S and 
S / ? 7 r is a semilattice. Hence S / ?y r is a maximal semilattice separative 
image of S'. ■ 



2.3 Decomposition to Archimedean Locally 
Associative AG-subgroupoids 

Theorem 74 Every locally associative T-AG** -groupoid S is uniquely ex- 
pressible as a semilattice Y of Archimedean locally associative T-AG**- 
groupoids (S v ) r (ir € Y). The semilattice Y is isomorphic with the max- 
imal semilattics separative image S/ri T of S and (S„) r (tt € Y) are the 
equivalence classes of S modr/ r . 

Proof. p r is least semilattice congruence on S. Next we will prove that 
equivalence classes mod? 7 r are Archimedean locally associative T-AG**- 
groupoids and the semilattice Y is isomorphic to S/ rj T - Let a, b € (S ff ) r, 
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where n G Y, then arj r b implies that a™ G bTS, &p G aTS, so a™ = bTx 
and = aTy, where x, y G S. If x G Sg, 9 ^ n then n = n9 , then 
we get a™ +1 = aTa™ = ar(&r:r) = 6r(ara;) G 6r(5 , 7r g)r = bT(S. K )r- 
Similarly one can show that b^ +1 G ar(5 ff )r- This shows that (S, r )r is right 
Archimedean and so is locally associative Archimedean T-AG**-groupoid 
S. Next we show the uniqueness. Let S' be a semilattice Y of Archimedean 
AG**-groupoid (S T )r, n G Y. We need to show that (S 7r )r are equivalence 
classes of S mod r/ r . Let a,b G S.Then we show that arj r b if and only if a 
and b belong to the same (S n )r- If a and b both belong to the same (S 7r )r, 
then each divides the power of the other. Since (S ff )r is Archimedean, 
arj r b by definition. Conversely, if arj T b then oTa; = 6™ and bTy = ap for 
some x,y G S and some m,n G Z + . If x G (Sa)r, then aLa: G {S„d) r 
and b™ G (Sg) r, so that nd = 9. Hence 9 < n, in the semilattice Y. By 
symmetry, it follows that ir <9 that is 7r = 9. m 
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3 

Embedding and Direct Product 
of AG-groupoids 

3.1 Embedding in AG-groupoids 

In this chapter we prove that under certain conditions a right cancellative 
AG** -groupoid can be embedded in a cancellative commutative monoid 
whose special type of elements form an abelian group and the identity of 
this group coincides with the identity of the commutative monoid. 

An element a in an AG-groupoid S is called left cancellative, if ab = ac 
implies that b = c. Similarly, c is right cancellative, if ac = be implies that 
a = b. 

In this chapter we shall consider that S' is a right cancellative AG**- 
groupoid with left identity and T is a subgroupoid of S such that elements 
of S commute with elements of T 2 . A relation p has been introduced on 
the subset N of S x T 2 , so that we obtain an AG-groupoid with right 
identity. We have proved that N/p is a cancellative commutative monoid. 
A mapping from S to N/p has been defined to show that it is in fact an 
epimorphism from S to a commutative sub-monoid A, of N/p. At the end 
it has been shown that special type of elements of N/p form an Abelian 
group. 

Lemma 75 If S is an AG** -groupoid, then ( ab ) = a 2 b 2 = b 2 a 2 , for all 
a, b in S. 

Proof. By (2) and (4), we get (ab) 2 = (ab)(ab) = (aa) (bb) = a 2 b 2 , also 
(ab) 2 = (ab)(ab) = (ba)(ba) = b 2 a 2 . ■ 

Example 76 Let S = {a,b,c}, and the binary operation (•) be defined on 
S as follows: 





a 


b 


c 


a 


c 


a 


b 


b 


b 


c 


a 


c 


a 


b 


c 



Then (S, ■) is an AG** -groupoid with left identity c. Clearly it is cancella- 
tive. 



Example 77 Let S = {1,2, 3,4}, the binary operation (•) be defined on S 
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as follows: 



2 

2 

3 

3 

3 



3 4 
3 4 
3 3 
3 3 
3 3 



It is non- commutative and non-associative because 4 = l- 4^4-l = 2, 
2 — (2 • 1) • 1 ^ 2 • (1 • 1) =4. (/S',-) is an AG** -groupoid. The subset 
A = {2,4} ; of S, is a commutative sub-semigroup of S. 



3.2 Main Results 

Theorem 78 If T is a subgroupoid of a right cancellative AG** -groupoid 
S with left identity and elements of S commute with elements ofT 2 , then 
S becomes a commutative monoid. 

Proof. Let N = {{sit 2 ,t\) : s* € S and tj,tk G T}, clearly N is closed be- 
cause by (2) and lemma 75, we get (sit 2 ,t 2 k )(sit 2 m ,t 2 n ) = ((siSi)(tjt m ) 2 , (t k t n ) 2 ), 
for all Si, Si € S and tj,t m ,tk,t n £ T. Define a relation p on TV as ( s,;f 2 , 
t\)p{sit^ n , t%) if and only if ( Sit 2 )t 2 n = It is easy to prove that p is 

reflexive and symmetric. To prove that p is transitive, we proceed as follows. 

Let (sit 2 , t 2 k )p{sit 2 m , t 2 n ) and {sit 2 m , t 2 n )p ( s p t 2 q , t 2 ) . Then ( Sit 2 )t 2 n = 
and (sit^t 2 = (s p t 2 )tn- Multiply the first equation from left by t 2 , then 
by lemma 75, we obtain tf((sit 2 )t 2 ) = t^{{s p t 2 )t\) which implies that 
( Sit 2 )t 2 = ( s p t 2 )tl , thus ( Sit 2 , t 2 k )p ( Spt 2 , t 2 ), proving that p is transitive. 

If ( Sit 2 , tl)p{sit 2 m , t 2 n ), then {Sit 2 )t 2 n = {sit 2 m )t 2 k , now we get [t 2 n t 2 )si = 

(t k t m) s i ■ Multiplying this equation by s p from left side and we get (■ i^t 2 ){s p Si ) = 
(t k t 2 f)(s p si), now multiply this equation by t 2 t 2 from right side and using 
lemma 75, we get ((sit 2 )(spt 2 ))(tft 2 ) = {sit^){s p t 2 ){t 2 k tl). Thus 



that is, 

This shows that p is right compatible. Similarly we can show that p is 
left compatible. Hence p is a congruence relation on N . 

Let M = N/p = {[{sit 2 ,tl)\ : Si £ S and tj,t k £ T} where [(sit 2 ,t 2 k )] 
represents any class in N/p. Then it is easy to see that M is an AG**- 
groupoid. Clearly \{t 2 ,t 2 )] is the right identity in M, where to is an ar- 
bitrary element of T, because if [(sit 2 ,t k )\ is an arbitrary element in M, 
then l(sit 2 )t 2 0 )t 2 k = ( Sit 2 )(t 2 k t 2 0 ). Therefore ((sit 2 )t 2 0 ,t 2 k t 2 0 )p(sit 2 ,tl) which 
implies that (sit 2 ,t 2 k )(t 2 0 ,t 2 0 )p{sit 2 ,tl) or [(sit 2 ,t 2 k )}[(t 2 0 ,t 2 0 )\ = [{sit 2 ,t 2 k )\. 
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Hence [{t 2 , t 2 )\ is the right identity in M. Since M is an AG**-groupoid 
with right identity so it will become a commutative monoid. 

Let t x be any fixed element of T. We define a mapping <f> : S — > M 
by (sj)$ = [(sit 2 ,t 2 )], for all s* G S and t x G T. Suppose Si,Sj G S 
such that Si = Sj. Then clearly [(sit 2 ,t x )\ = [(sjt 2 ,t 2 )] for t x G T. Thus 
(si)d> = (sy)$. This shows that <f> is well defined. Next we show that 
(sjSj)$ = (si)$(sj)$. Since (s l )d>(sy)$ = [{(siSj)(t 2 t 2 ), t 2 t 2 )]. Also using 
lemma 75, we get ((siSj) (%%))% = (t 2 x {t 2 x t 2 x ))(s iSj )) = ((t 2 x t 2 x )t 2 x )(siSj)) = 
((siSj)t 2 x )(t 2 x t 2 x ), this implies that ((siSj)(^),^M(siSj)^,ix) and so 
[(( s iSj){tltl),t 2 x tl )] = [{{siSj)tl,t 2 x )\ = ( SiSj )$. Hence (s ?; )$(s i )$ = (siSj)<f>. 
This shows that d> is a homomorphism. 

It is one-to-one, because (sj)$ = (sy)$ implies that [( 2 , t 2 )] = [( Sjt 2 , t 2 )\, 
that is, ( Sit 2 ,t 2 )p(sjt 2 ,t l). Thus ( Sit 2 )t 2 — (sjt 2 ) t 2 , which implies that 
Si — Sj . 

If A = {[(Sit 2 ,t 2 )\ : Si G S and t x G T}. Then A C M and monomor- 
phism $ : S — > A is onto. As for every [( s*t 2 , t 2 )] in A there exists s,; such 
that (sj)$ = [(sit 2 ,t 2 )}- Clearly [(t 2 ,t 2 )} belongs to A. m 

Lemma 79 A right cancellative AG-groupoid with left identity is left can- 
cellative. 

Proof. It is easy. ■ 

Since S contains the left identity so it is easy to see that [(t 2 ,t%)] e M. 
Now we prove the following theorem. 

Theorem 80 M is cancellative and elements of the form {(t 2 ,t])] in M, 
form an Abelian group. 

Proof. Let us suppose that (sit 2 ,t‘D(s p t 2 ,t 2 )p(sit^ n ,t‘^)(s p t 2 ,t 2 ), that is, 

[{Sit 2 ,t 2 )}[{ Sp t%t 2 r )} = [(sit^tlMs^r)} 

which implies that 

\{ s dj){s p ty), t k t r )\ = t n t r )], 

Then we get, 

[(SiS p )(t 2 t 2 q ),4t 2 r )] = [(Sis p )(t 2 m t 2 q ),t 2 n t 2 r )] 
which implies that 

((s iSp )(t 2 t 2 q m 2 n t 2 r ) = (M^miti). 

Now lemma 75, we get 

((SiS p )(t 2 n t 2 ))(t 2 t 2 q ) = {{s lSp ){t 2 t 2 m )){tX), 
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now since S is right cancellative so we get (siS p )(t^t 2 ) = 
which by lemma 75 implies that s p ((t^t 2 )si) = therefore by 

lemma 79 , we get (t 2 n t 2 )si = using we get, (sifyt 2 = (sit 2 m )t 2 k . 

Thus {sit 2 ,t k )p(sit^ n ,t^ l ). Hence M is right cancellative. Similarly we can 
show that M is left cancellative. Now using lemma 75 , we can easily 
see that (t 2 t 2 )t 2 = (■ t 2 t 2 )t 2 which implies that (t 2 t 2 ,t 2 )p(t 2 t 2 ,t 2 ), that is, 
= [(*o>*o)]- Thus is the inverse of [(t 2 ,t 2 )}. Hence 

all the cancellative elements [(tf,t 2 )\ of M form an Abelian group G in M. 
We note that the product of two cancellative elements of G, is in G. We 
have proved in theorem 1 , that [(t 2 ,t 2 )] is the identity element of M, since 
G contains elements of the form [(t 2 ,t 2 )\, therefore \(t 2 ,t%)\ is in G which 
is unique since G is a group. ■ 



3.3 Direct Products in AG-groupoids 

In this section we show that the direct product of regular Aly-groupoids 
is the most generalized class of the direct product of an Aly-groupoids. 
It has proved that the direct product of weakly regular, intra-regular, 
right regular, left regular, left quasi regular, completely regular and ( 2 , 2 )- 
regular Al?-groupoids with left identity coincide. Also we have proved that 
the direct product of intra-regular AI/-groupoids with left identity (AG**- 
groupoids) is regular but the converse is not true in general. Further we 
have shown that non-associative direct product of regular, weakly regu- 
lar, intra-regular, right regular, left regular, left quasi regular, completely 
regular, ( 2 , 2 )-regular and strongly regular Aly* -groupoids do not exist. 

If Si and So are AG-groupoids, then SixSo = {(si,S2) : Si € <Si and 
S2 £ 6 b} is an AG-groupoid under the point-wise multiplication of ordered 
pairs. 

An element (a, b) of an A^-groupoid (Sqx^ is called a regular element 
of Si xS 2 if there exist x £ S\ and m € S2 such that (a, b ) = ((ax)a, ( bm)b ) 
and S1XS2 is called regular if all elements of S are regular. 

An element (a, b) of an AI/-groupoid Si xS 2 is called a weakly regular 
element of <Six 52 if there exist x,y £ S 1 and l,m £ S2 such that (a, b) = 
((ax) (ay), ( bl)(bni )) and S1XS2 is called weakly regular if all elements of 
SixS-2 are weakly regular. 

An element (a,b) of an A^-groupoid ^1X^2 is called an intra- regular 
element of .SiX^G if there exist x,y £ Si and l,m £ S2 such that (a, b) = 
((xa 2 )y, (lb 2 )m) and S1XS2 is called intra-regular if all elements of S1XS2 
are intra-regular. 

An element (a, b) of an AI/-groupoid S1XS2 is called a right regular 
element of ^1X^2 if there exists x € Si and m £ S2 such that ( a,b ) = 
(a 2 x, b 2 m) = ((aa)x, (bb)m) and S1XS2 is called right regular if all elements 
of SixS 2 are right regular. 
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An element (a, b) of an Aly-groupoid S 1 XS 2 is called a left regular 
element of S1XS2 if there exists x £ Si and m £ S2 such that ( a,b ) = 
( xa 2 ,mb 2 ) = (x(aa),m(bb)) and S1XS2 is called left regular if all elements 
of S1XS2 are left regular. 

An element (a, b) of an Aiy-groupoid S1XS2 is called a left quasi reg- 
ular element of S1XS2 if there exist x,y £ Si and l,m £ So such that 
(a, b) = (( xa)(ya),(lb)(mb )) and S1XS2 is called left quasi regular if all 
elements of S1XS2 are left quasi regular. 

An element (a, b) of an Aiy-groupoid S1XS2 is called a completely 
regular element of S if (a, b) is regular, left regular and right regular. 
S1XS2 is called completely regular if it is regular, left and right regular. 

An element (a, b) of an ACy-groupoid S1XS2 is called a (2,2)-regular 
element of S1XS2 if there exists x € Si and m £ S2 such that (a,b) = 
((a 2 x)a 2 ,(b 2 m)b 2 ) and S1XS2 is called (2, 2)-regular Aty-groupoid if all 
elements of SixS 2 are (2, 2)-regular. 

An element (a, b) of an ACy-groupoid Si XS2 is called a strongly regular 
element of S1XS2 if there exists x £ Si and m £ S2 such that ( a,b ) = 
( (ax) a, (bin) b) and ax = xa, bm = mb. S1XS2 is called strongly regular 
ACy-groupoid if all elements of S1XS2 are strongly regular. 

Example 81 Let us consider an AG -groupoid S = {a, b, c} in the following 
multiplication table. 





a 


b 


c 


a 


c 


c 


c 


b 


c 


c 


a 


c 


c 


c 


a 



Clearly S is non-connnutative and non-associative, because be ^ cb and 
(cc)a ^ c(ca). Note that S has no left identity. 

Example 82 Let us consider an AG -groupoid S± = {a, b, c, d, e, /} with 
left identity e and S2 = {g, h, i, j, k,l} with left, identity j in the following 
Cayley's tables. 





a 


b 


c 


d 


e 


f 


a 


a 


a 


a 


a 


a 


a 


b 


a 


b 


b 


b 


b 


b 


c 


a 


b 


f 


f 


d 


f 


d 


a 


b 


f 


f 


c 


f 


e 


a 


b 


c 


d 


e 


f 


f 


a 


b 


f 


f 


f 


f 





9 


h 


i 


j 


k 


l 


9 


9 


9 


9 


9 


9 


9 


h 


9 


h 


h 


h 


h 


h 


i 


9 


h 


l 


l 


i 


l 


j 


9 


h 


i 


j 


k 


l 


k 


9 


h 


l 


l 


l 


l 


l 


9 


h 


l 


l 


j 


l 
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Clearly Si xS 2 is non-commutative and non-associative, because (ed, ik ) ^ 
(i de,ki ) and ((de)e,(ik)k) ^ (d(ee), i(kk)). 



Lemma 83 If S\xS 2 is a regular, weakly regular, intra-regular, right reg- 
ular, left regular, left quasi regular, completely regular, (2, 2 ) -regular or 
strongly regular AG -groupoid, then S\X S 2 = (>?! xS 2 ) 2 . 



Proof. Let S 1 XS 2 be a regular xfty-groupoid, then (SixS 2 ) 2 C SixS 2 is 
obvious. Let (a, h) G S 1 XS 2 where a € Si and b G S 2 , then since SixS 2 
is regular so there exists (x,y) G SixS 2 such that (a, b) = ((ax) a, (by)b). 
Now by using (2), we have 



(a,b) = ((ax) a, (by)b) = ((ax) (by), (ab)) G (Si xS 2 )(Si xS 2 ) = (SixS 2 ) 2 . 



Similarly if Si xS 2 is weakly regular, intra- regular, right regular, left 
regular, left quasi regular, completely regular, (2, 2)-regular or strongly 
regular, then we can show that SixS 2 = (SixS 2 ) 2 . ■ 

The converse is not true in general, because SixS 2 = (SixS 2 ) 2 holds 
but Si xS 2 is not regular, weakly regular, intra-regular, right regular, left 
regular, left quasi regular, completely regular, (2, 2)-regular and strongly 
regular, because (d,k) G SixS 2 is not regular, weakly regular, intra- 
regular, right regular, left regular, left quasi regular, completely regular, 
(2, 2)-regular aud strongly regular. 



Theorem 84 //SixS 2 is an AQ -groupoid with left identity (AG** -groupoid), 
then Si xS 2 is intra-regular if and only if for all ( a,b ) G S iX S 2 , (a, b) = 
((xa)(az), ( lb)(bm )) holds for some x, z G Si and l,m G S 2 . 



Proof. Let Si xS 2 be an intra-regular _4£-groupoid with left identity (AQ**- 
groupoid), then for any (a, b) G SixS 2 , there exist x,y £ S 1 and l,k G S 2 
such that (a, b) = ((xa 2 )y, (lb 2 )k). Now y = uv and k = pq for some 
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u,v £ S i and p,q £ So- Thus we have 

(a, b) = ((xa 2 )y, (lb 2 )k) = ((x(aa))y, (l(bb))k) 

= ((a(xa))y, ( b{lb))k ) = ((y(xa))a, ( k(lb))b ) 

= (( y{xa)){{xa 2 )y ), ( k(lb))((lb 2 )k )) 

= (((uv)(xa))((xa 2 )y), (( pq)(lb))((lb 2 )k )) 

= (((ax)(vu))((xa 2 )y), (( bl){qp))({lb 2 )k )) 

= ((( ax)t)((xa 2 )y ), (( bl)j)((lb 2 )k )) 

= mxa 2 )y)t){ax),m 2 )k)j){bl)) 

= (((.ty)(xa 2 ))(ax), (( jk)(lb 2 ))(bl )) 

= (((a 2 z)(yi))(aa;), (( b 2 l)(kj))(bl )) 

= (((a 2 x)s)(ax),{{b 2 l)r){bl)) 

= (((sx)(aa))(ax), ((rl)(bb))(bl)) 

= (((aa){xs))(ax), {{bb)(lr))(bl)) 

= (((aa)w)(ax),((bb)n)(bl)) 

= (((wa)a)(ax),((nb)b)(bl)) 

= (( za)(ax),(mb)(bl )) 

= (( xa){az),{lb){bm )), 

where vu = t, qp = j, yt = s, kj = r, xs = w, Ir = n, wa = z and 
nb = m for some t, s,w,z £ S± and j, r, n, m £ S 2. 

Conversely, let for all (a, b) £ SixS 2 , ( a,b ) = ((xa)(az), (lb)(bm)) holds 
for some x,z £ S 1 and l,m £ S 2 - Now we have 

(a,b) = ((xa)(az), (lb)(bm)) = (a((xa)z),b((lb)m)) 

= (((xa)(az))((xa)z), ((lb)(bm))((lb)m)) 

= ((a((xa)z))((xa)z), (b((lb)m))((lb)m)) 

= ((((xa)z)((xa)z))a, ((( lb)m)((lb)m))b ) 

= ((((xa)(xa))(zz))a, (((lb)(lb))(mm))b) 

= ((((ax)(ax))(zz))a, ((( bl)(bl))(mm))b ) 

= (((a((ax)x))(zz))a, ((b((bl)l))(mm))b) 

= ((((zz)((ax)x))a)a, (((mm)((bl)l))b)b) 

= (((z 2 ((ax)x))a)a, (( m 2 ((bl)l))b)b ) 

= (((( ax)(z 2 x))a)a , ((( bl)(m 2 l))b)b ) 

= ((((( z 2 x)x)a)a)a , (((( m 2 l)l)b)b)b ) 

= ((((x 2 z 2 )a)a)a,(((l 2 m 2 )b)b)b) 

= {{a 2 {x 2 z 2 )) ai (b 2 (l 2 m 2 ))b) 

= ((a(x 2 z 2 ))(aa), (b(l 2 m 2 ))(bb)) 

= ((at)(aa),(bs)(bb)), 
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where x 2 z 2 = t and l 2 m 2 = s for some t £ Si, s € £2- 
Now we have 

(a,b) = ((at)(aa),(bs)(bb)) 

= ((((at)(aa))t)(aa), (((bs)(bb))s)(bb)) 

= ((((aa)(ta))t)(aa), (((bb)(sb))s)(bb)) 

= (((a 2 (ta))t)(aa), (( b 2 (sb))s)(bb )) 

= ((( t(ta))a 2 )(aa ), (( s(sb))b 2 )(bb )) 

= (( ua 2 )v , ( pb 2 )q ). 

Where t(ta) = u, aa = v, s(sb) = p and bb — q for some u,v £ Si, 
p, q £ e>2- Thus (Si x (S2 is intra-regular. ■ 

Theorem 85 IfS 1 x (S2 is an AQ -groupoid with left identity {AQ** -groupoid), 
then the following are equivalent. 

(i) SixS 2 is weakly regular. 

(ii) (Si x (S2 is intra-regular. 

Proof. ( i ) ==> (ii) Let 5 iX ^2 be a weakly regular xtty-groupoid with left 
identity (xft/**-groupoid), then for any ( a,b ) £ S1XS2 there exist x,y £ Si 
and l, m £ S2 such that (a, b) = ((ax) (ay), ( bl)(bm )) and x = uv, l = pq for 
some u,v £ Si, p,q £ S2- Let vu = t £ Si and qp = n £ (S2. Now we have 

(a, b) = (( ax) (ay), (bl) (bin )) 

= ((ya)(xa),(mb)(lb)) 

= ((ya)((uv)a),(mb)((pq)b)) 

= (( ya)((av)u),(mb)((bq)p )) 

= (( av)((ya)u),(bq)((mb)p )) 

= (( o,(ya))(vu),(b(mb))(qp )) 

= (( a(ya))t , ( b(mb))n ) 

= (( y(aa))t , (m(bb))n) = (( ya 2 )t , ( mb 2 )n ). 

Thus (Si x (S2 is intra-regular. 

(ii) =>• (i) It is easy. ■ 

Theorem 86 If S1XS2 is an AQ- groupoid (AQ** -groupoid), then the fol- 
lowing are equivalent. 

(■ i ) SixS 2 is weakly regular. 

(ii) (Si XS2 is right regular. 

Proof, (i) ==> (ii) Let 5 ix 52 be a weakly regular _ 4 t/-groupoicl (AQ**- 
groupoid), then for any (a, b) £ S1XS2 there exist x, y £ S\ and m, n £ S2 
such that (a, b) = ((ax) (ay), (bm) (bn)). Now let xy = t and mn = s for 




